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THE GROMOV-HAUSDORFF PROPINQUITY FOR METRIC
SPECTRAL TRIPLES
FRÉDÉRIC LATRÉMOLIÈRE
Abstract. We define a metric on the class of metric spectral triples, which is
null exactly between spectral triples with unitary equivalent Dirac operators
and *-isomorphic underlying C*-algebras. This metric dominates the propin-
quity, and thus implies metric convergence of the quantum compact metric
spaces induced by metric spectral triples. In the process of our construction,
we also introduce the covariant modular propinquity, as a key component for
the definition of the spectral propinquity.
1. Introduction
Our project in noncommutative metric geometry is to define an analytical frame-
work for the study of modulus space of quantum metric spaces, in order to study
problems from mathematical physics by means of approximations and other tech-
niques made possible by importing topological and analytical methods to the study
of entire classes of quantum spaces. Noncommutative geometry [3] finds its roots
in Connes’ fundamental observation that the theory of pseudo-differential opera-
tors on manifolds, and in particular, of the Dirac operators on Riemannian spin
manifolds, has a noncommutative generalization by means of a structure called a
spectral triple. It is thus of essential importance for our project to apply our ap-
proach to the space of spectral triples, or at least the space of spectral triples which
provide a quantum metric. We address this very topic in this work by constructing
a metric on the class of all metric spectral triples, up to the natural equivalence
of these triples, on the model of the Gromov-Hausdorff propinquity [15, 12, 17],
itself a noncommutative analogue of the Gromov-Hausdorff distance [4, 6]. In the
process of our work, we also construct the covariant modular propinquity, as the
metric upon which the spectral propinquity is built.
The importance of this work is to be found in the applications it opens. Our
present work puts a topology on the class of all metric spectral triples. Therefore,
it becomes possible to address questions such as perturbations of metric within an
analytical framework — quantifying the scale of perturbations, including the effects
of changes of underlying topologies, and studying topological properties of classes of
quantum spaces obtained from perturbations, such as compactness [11, 1, 16]. We
can also discuss approximations of spectral triples by other spectral triples, for in-
stance spectral triples in finite dimension approximating spectral triples on infinite
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dimensional C*-algebras [10]. We can discuss time evolution of quantum geome-
tries, or any other dynamical process or flows where both the quantum metric and
the quantum topology are allowed to change, all within a natural framework based
on topology. Understanding such problems should be inherently valuable in math-
ematical physics: for instance, the original introduction of the Gromov-Hausdorff
distance on compact metric spaces [4] was motivated by the study of quantum
gravity, and we now offer the possibility to address questions about fluctuations of
quantum metrics together with changes in the underlying topology of space-time,
including noncommutative space-times. Approximations of physical theories by fi-
nite models is also of keen general interest. While approximations of differential
structures is generally delicate and at times rigid, the flexibility offered by both
spectral triples and introducing noncommutative spaces open new possibilities for
interesting research, even within classical metric geometry.
In our work, we bring together two notions. A quantum compact metric space
is a noncommutative analogue of the algebra of Lipschitz functions over a compact
metric space, and is the basic object of study of our project in noncommutative
geometry. Their definition has evolved from Connes’ original proposition [2] to
the current version we now state, owing mostly to Rieffel’s observation [25, 26]
that the Monge-Kantorovich metric on quantum metric spaces should share a key
topological property with the original Monge-Kantorovich metric in the classical
picture. Our contribution to the following definition, from [15, 16], is to impose a
form of a Leibniz relation, as a key property for our work on the propinquity, and
a notion of quantum locally compact metric space [9].
Notation 1.1. If E is some normed vector space, then we denote its norm by ‖·‖E
unless otherwise specified. For a C*-algebra A, we write sa (A) for the subspace of
self-adjoint elements in A, and S (A) for the state space of A. If A is unital, then
its unit is denoted by 1A.
Definition 1.2. A function F : [0,∞)4 → [0,∞) is permissible when F is weakly
increasing from the product order on [0,∞)4 and, for all x, y, lx, ly > 0 we have
F (x, y, lx, ly) > xly + ylx.
Definition 1.3 ([2, 25, 26, 28, 15, 16]). For a permissible function F , a F–quasi-
Leibniz quantum compact metric space (A, L) is a unital C*-algebra A and a semi-
norm L defined on a dense Jordan-Lie subalgebra dom (L) of sa (A) such that:
(1) {a ∈ dom (L) : L(a) = 0} = R1A,
(2) the Monge-Kantorovich metric mkL defined between any two states ϕ, ψ ∈
S (A) by:
mkL(ϕ, ψ) = sup {|ϕ(a)− ψ(a)| : L(a) 6 1}
metrizes the weak* topology on S (A),
(3) L is lower semi-continuous with respect to ‖·‖
A
,
(4) L
(
ab+ba
2
)
, L
(
ab−ba
2i
)
6 F (‖a‖
A
, ‖b‖
A
, L(a), L(b)).
A Leibniz quantum compact metric space (A, L) is a L–quasi-Leibniz quantum
compact metric space for L : x, y, lx, ly 7→ xly + ylx, i.e. for all a, b ∈ dom(L), we
have L (ℜ(ab)) , L (ℑ(ab)) 6 ‖a‖
A
L(b) + ‖b‖
A
L(a).
Connes’ original introduction of spectral triples [2] was actually instrumental in
his introduction of compact quantum metric spaces in their first version. Spectral
triples are abstraction of the Dirac operator acting on the smooth sections of a
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vector bundle over a Riemann spin manifold. The key idea about spectral triples
is that they contain enough information in the classical picture to recover most or
all of the Riemannian geometry, yet are formally meaningful over noncommuta-
tive algebras, thus opening the possibility to study noncommutative Riemannian
manifolds. The most important application of this formalism has been far-reaching
generalizations of Atiah-Singer’s index theorem. There are varying definitions of
spectral triples in the literature, and for our purpose, we start with what seems to
be a good common ground met by almost all definitions we are aware of.
Definition 1.4 ([3]). A spectral triple (A,H , D) consists of a unital C*-algebra A,
a Hilbert space H which is a left A-module, and a self-adjoint operator D defined
on a dense linear subspace dom (D) of H , such that:
(1) D + i has a compact inverse,
(2) the set of a ∈ A such that:
a · dom (D) ⊆ dom (D)
and
[D, a] is closeable, with bounded closure
is dense in A.
Note that if T is the inverse of D + i, then T is compact if and only if T ∗T is
compact. Thus D + i has compact inverse if and only if (1 + D2) has a compact
inverse.
Remark 1.5. We follow the convention in the literature on spectral triples not to
introduce a notation for the representation of the C*-algebra A on the Hilbert space
H in a spectral triple (A,H , D) — this may at times require some care in reading
some of our statements but it also is the standard adopted in the field.
Notation 1.6. We denote the norm of a linear map T : E → F between normed
vector spaces E and F by |||T |||EF , or simply |||T |||F if E = F .
We now add a condition to spectral triples, so that our metric methods may apply
to them. Our condition is not commonly found in the literature but it is satisfied
by some very important examples. Moreover, at least in the classical picture, this
property ought to be present for any spectral triples which recover the underlying
geometry, so it seems to us a very natural and desirable property: we ask that
spectral triples give rise to quantum metrics, which is clearly the original intent.
We thus define:
Definition 1.7. A metric spectral triple (A,H , D) is a spectral triple such that,
if we set:
∀ϕ, ψ ∈ S (A) mkD(ϕ, ψ) = sup {|ϕ(a)− ψ(a)| : a ∈ sa (A), |||[D, a]|||H 6 1}
then the metric mkD metrizes the weak* topology on the state space S (A) of A.
Metric spectral triples do give rise to quantum compact metric spaces in a natural
fashion, which was the original prescription of Connes. To any spectral triple, we
can associate a seminorm which will be our L-seminorm canonically induced by a
metric spectral triple.
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Notation 1.8. If (A,H , D) is a spectral triple, then we denote by LD the seminorm
defined for all a ∈ sa (A):
LD(a) = |||[D, a]|||H
with the understanding that LD(a) =∞ whenever a · dom (D) 6⊂ dom (D) or [D, a]
is unbounded.
Proposition 1.9. Let (A,H , D) be a spectral triple. The spectral triple (A,H , D)
is metric if and only if (A, LD) is a Leibniz quantum compact metric space.
Proof. If (A, LD) is a Leibniz quantum compact metric space, then by Definition
(1.7), the spectral triple (A,H , D) is metric.
Let us now assume that (A,H , D) is a metric spectral triple.
By Notation (1.8), the domain of LD is:
{a ∈ sa (A) : a · dom(D) ⊆ dom(D) and |||[D, a]|||
H
<∞} .
By Definition (1.4), the set:
D = {a ∈ A : a · dom (D) ⊆ dom (D) and |||[D, a]|||
H
<∞}
is norm dense in A. If a ∈ sa (A), then there exists (an)n∈N in DN converging to a
in norm. Now, if b ∈ D then so is b∗: if ξ, ζ ∈ dom (D) then:
〈b∗ξ,Dζ〉
H
= 〈ξ, bDζ〉
H
= 〈ξ,Dbζ〉
H
− 〈ξ, [D, b]ζ〉
H
= 〈Dξ, bζ〉
H
− 〈ξ, [D, b]ζ〉
H
.
Now, since ξ ∈ dom (D), the linear map ζ 7→ 〈Dξ, bζ〉
H
is continuous, and since
[D, b] is bounded, the linear map ζ ∈ dom (D) 7→ 〈ξ, [D, b]ζ〉
H
is also continuous.
Hence ζ ∈ H 7→ 〈b∗ξ,Dζ〉
H
is continuous, and thus b∗ξ ∈ dom (D∗) = dom (D).
Now, on dom (D), we observe that [D, b∗] = Db∗− b∗D = (bD−Db)∗ = (−[D, b])∗
as D is self-adjoint, so b∗ ∈ D.
It is immediate to check that D is a linear space, and thus in particular, for all
n ∈ N, we have ℜan = an+a
∗
n
2 ∈ dom(LD), and of course as a ∈ sa (A), we have by
continuity of ℜ that a = ℜa = limn→∞ ℜan, thus proving that dom(LD) is dense
in sa (A).
By Definition (1.7), the Monge-Kantorovich metric mkLD metrizes the weak*
topology. In particular, S (A) has finite diameter, as a compact metric space. Let
a ∈ sa (A) with LD(a) = 0. Let ϕ, ψ ∈ S (A). We have, by Definition (1.3):
0 6 |ϕ(a)− ψ(a)| 6 LD(a)mkLD (ϕ, ψ) = 0
and thus ϕ(a − ψ(a)1A) = 0 for all ϕ, ψ ∈ S (A). Thus (as a ∈ sa (A)), if we fix
ψ ∈ S (A):
‖a− ψ(a)1A‖A = sup
ϕ∈S (A)
|ϕ(a− ψ(a)1A)| = 0
so a = ψ(a)1A, i.e. {a ∈ sa (A) : LD(a) = 0} ⊆ R1A. On the other hand,
LD(1A) = 0 by construction, so {a ∈ sa (A) : LD(a) = 0} = R1A, as desired.
We now check that LD is lower semicontinuous. Let (an)n∈N in sa (A) with
LD(an) 6 1 converging in norm to a ∈ sa (A). Let ξ ∈ dom (D) and let ζ ∈ dom (D).
For any n ∈ N:
〈anξ,Dζ〉H = 〈ξ, anDζ〉H
= 〈ξ,Danζ〉H − 〈ξ, [D, an]ζ〉H
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= 〈Dξ, anζ〉H − 〈ξ, [D, an]ζ〉H
and therefore:
|〈aξ,Dζ〉
H
| = lim
n→∞ |〈anξ,Dζ〉H |
6 lim sup
n→∞
(|〈Dξ, anζ〉H |+ |〈ξ, [D, an]ζ〉H |)
6 〈Dξ, aζ〉
H
+ ‖ξ‖
H
‖ζ‖
H
6 ‖ζ‖
H
(‖Dξ‖
H
‖a‖
A
+ ‖ξ‖
H
) .
So the function ζ ∈ dom (D) 7→ 〈aξ,Dζ〉
H
is continuous, and thus aξ ∈ dom (D).
Thus a ·dom(D) ⊆ dom (D) as ξ ∈ dom(D) was arbitrary. We can therefore apply
[26, Proposition 3.7], whose argument we now briefly recall. If ξ, ζ ∈ dom(D) with
‖ξ‖
H
6 1 and ‖ζ‖
H
6 1, then:
1 > 〈[D, an]ξ, ζ〉H = 〈anξ,Dζ〉H − 〈Dξ, anζ〉H
n→∞−−−−→ 〈aξ,Dζ〉
H
− 〈Dξ, aζ〉
H
= 〈[D, a]ξ, ζ〉
H
.
This proves, at once, that [D, a] is a bounded on dom (D) and thus extends to H by
the closed graph theorem, and that |||[D, a]|||
H
6 1. Thus {a ∈ sa (A) : LD(a) 6 1}
is indeed normed closed. As LD is a seminorm, this implies that it is lower semi-
continuous.
Last, LD has the Leibniz inequality since it is the norm of a derivation. First, we
note that D is indeed an algebra. If a, b ∈ D then, first, since b·dom (D) ⊆ dom (D),
we also have ab · dom(D) ⊆ a · dom (D) ⊆ dom (D). Moreover, if ξ, ζ ∈ dom (D),
then:
〈Dabξ − abDξ, ζ〉
H
= 〈Dabξ − aDbξ, ζ〉
H
+ 〈aDbξ − abDξ, ζ〉
H
= 〈[D, a]bξ, ζ〉
H
+ 〈a[D, b]ξ, ζ〉
H
and thus, as operators on dom(D), we conclude [D, ab] = a[D, b]+[D, a]b, and thus
for all a, b ∈ dom(LD):
LD(ab) = |||[D, ab]|||H
= |||[D, a]b+ a[D, b]|||
H
6 ‖[D, a]‖H ‖b‖
A
+ ‖a‖
A
|||[D, b]|||
H
= LD(a) ‖b‖A + ‖a‖A LD(b).
It then immediately follows that (A, LD) is a quantum compact metric space. 
For our construction to be coherent and move toward our project of applying
the theory of the propinquity to metric spectral triples, it is very important that
the basic notion of two objects being the same, i.e. the appropriate notions of
isomorphisms, are compatible between metric spectral triples and quantum compact
metric spaces.
We propose the following strong notion of equivalence for spectral triples.
Definition 1.10. Two spectral triples (A,HA, DA) and (B,HB, DB) are equiv-
alent when there exists a unitary U from HA to HB and a *-automorphism
θ : A→ B with:
UDAU
∗ = DB and ∀ω ∈ HB, a ∈ A θ(a)ω = (UaU∗)ω.
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Equivalence, thus defined, is indeed an equivalence relation on the class of spec-
tral triples and it preserves the typical constructions based on spectral triples in
the literature.
On the other hand, there is a natural notion of isomorphism for quantum compact
metric space, called full quantum isometries [15, 12].
Definition 1.11. Let (A, LA) and (B, LB) be two quantum compact metric spaces.
A quantum isometry π : (A, LA) ։ (B, LB) is a *-epimorphism π : A ։ B such
that for all b ∈ sa (B):
LB(b) = inf
{
LA(a) : a ∈ π−1({a})
}
.
A full quantum isometry π : (A, LA)→ (B, LB) is a *-isomorphism π : A→ B such
that LB ◦ π = LA.
Rieffel proved in [27] that quantum isometries can be chosen as morphisms of
a category over the quantum compact metric spaces, and full quantum isometries
are indeed the morphisms whose inverse is also a morphism in this category. There
is a more general notion of Lipschitz morphisms between quantum compact metric
spaces [23] which will be important for us later on.
Equivalent metric spectral triples naturally give rise to fully quantum isometric
quantum metric spaces.
Proposition 1.12. If (A,HA, DA) and (B,HB, DB) are two equivalent metric
spectral triples, then (A, LDA) and (B, LDB) are fully quantum isometric.
Notation 1.13. If G is an invertible operator on a Hilbert space H , then AdG(A) =
GAG−1 for all operator (bounded or not, up to adjusting the domain) A on H .
Proof. Let U : HA → HB be a unitary and θ : (A, LA)→ (B, LB) be *-isomorphism
such that AdUDA = DB and UaU
∗ = θ(a) for all a ∈ A. If a ∈ sa (A) then:
LDA(a) = |||[DA, a]|||HA
= |||[U∗DBU, a]|||HA
= |||U∗DBUa− aU∗DBU |||HA
= |||U∗ (DBUaU∗ − UaU∗DA)U |||HA
= |||DBθ(a)− θ(a)DB|||HB
= |||[DB, θ(a)]|||HB
= LDB ◦ θ(a).
Thus θ is a full quantum isometry from (A, LDA) to (B, LDB). 
It is not a trivial matter to decide when two fully quantum isometric quantum
compact metric spaces defined as above by metric spectral triples are indeed from
equivalent such triples. This matter will be one of the point we address in this
work.
Our main contribution to noncommutative metric geometry is the discovery and
study of the Gromov-Hausdorff propinquity, a family of metrics on the class of
F–quasi-Leibniz quantum compact metric spaces, for any permissible function F ,
which are analogues of the Gromov-Hausdorff distance. The dual propinquity is
the central member of this family, and we refer to [15, 12, 17, 16, 13] for the
construction and analysis of this metric. The Gromov-Hausdorff propinquity is a
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Figure 1. A tunnel and the dual isometric embeddings of state spaces
→֒ isometry
։ quantum isometry
dotted arrows duality relations
π∗ : ϕ 7→ ϕ ◦ π dual map
(A, LA), (B, LB), (D, LD) F–quasi-Leibniz quantum
compact metric spaces
complete metric on the class of F–quasi-Leibniz quantum compact metric spaces
up to full quantum isometry, for any choice of a continuous permissible F . The
Gromov-Hausdorff propinquity is constructed using the dual analogue of isometric
embeddings for quantum compact metric spaces, which we call tunnels:
Definition 1.14. Let F be a permissible function, and let (A1, L1) and (A2, L2) be
two F–quasi-Leibniz quantum compact metric spaces. An F -tunnel τ = (D, L, π1, π2)
from (A1, L1) to (A2, L2) is a F–quasi-Leibniz quantum compact metric space (D, L)
and two quantum isometries π1 : (D, L)։ (A1, L1) and π2 : (D, L)։ (A2, L2). The
domain dom (τ) of τ is (A1, L1) while the codomain codom(τ) of τ is (A2, L2).
In particular, tunnels give rise to isometric embeddings of the state spaces,
though the isometries are of a very special kind, as dual maps to *-monomorphisms,
as illustrated in Figure (1). Fixing a permissible function F and two F–quasi-
Leibniz quantum compact metric spaces (A, LA) and (B, LB), the set of all F -
tunnels from (A, LA) to (B, LB) is denoted by:
Tunnels
[
(A, LA)
F−→ (B, LB)
]
.
There is a natural quantity associated with any tunnels which, in essence, mea-
sures how far apart the domain and codomain of a tunnel are for this particular
choice of embedding.
Notation 1.15. If (X, d) is a compact metric space, then the Hausdorff distance [7]
on the class of all closed subsets of (X, d) is denoted by Hausd. If X is a vector
space and d is induced by a norm ‖·‖X , then Hausd is also denoted Haus‖·‖X .
Definition 1.16. Let (A1, L1) and (A2, L2) be two quantum compact metric spaces.
The extent χ (τ) of a tunnel τ from (A1, L1) to (A2, L2) is the nonnegative number:
χ (τ) = max
j∈{1,2}
HausmkL ({ϕ ◦ πj : ϕ ∈ S (Aj)} ,S (D)) .
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We note that the extent of a tunnel is always finite. The propinquity is thus
defined as follows:
Definition 1.17. Let F be a permissible function. For any two F–quasi-Leibniz
quantum compact metric spaces (A, LA) and (B, LB), the dual Gromov-Hausdorff
F -propinquity Λ∗F ((A, LA), (B, LB)) is the nonnegative number:
Λ∗F ((A, LA), (B, LB)) = inf
{
χ (τ) : τ ∈ Tunnels
[
(A, LA)
F−→ (B, LB)
]}
.
The propinquity enjoys the properties which a noncommutative analogue of the
Gromov-Hausdorff distance ought to possess, though it was not a trivial task to
unearth this definition.
Theorem 1.18. Let F be a permissible function. The F -propinquity Λ∗F is a com-
plete metric up to full quantum isometry on the class of F–quasi-Leibniz quantum
compact metric spaces. Moreover, the class map which associates, to any compact
metric space (X, d), its canonical Leibniz quantum compact metric space (C(X), Ld)
where Ld is the Lipschitz seminorm, is an homeomorphism onto its range, when its
domain is endowed with the Gromov-Hausdorff distance topology and its codomain
is endowed with the topology induced by the dual propinquity.
Examples of interesting convergences for the propinquity include fuzzy tori ap-
proximations of quantum tori [10], continuity for certain perturbations of quantum
tori [11], unital AF algebras with faithful tracial states [1], continuity for noncom-
mutative solenoids [23], and Rieffel’s work on approximations of spheres by full
matrix algebras [29], among other examples. Moreover, we prove [13] an analogue
of Gromov’s compactness theorem.
We may put restrictions on the class of tunnels under consideration, so we can
adapt the construction of the propinquity to smaller classes of quantum compact
metric spaces with additional properties. In general, in most applications, tunnels
are built from a structure called a bridges.
We prove in this paper that we can construct a distance on the class of metric
spectral triples based upon our construction of the propinquity. Our metric, which
we will call the spectral propinquity, will be zero exactly between equivalent spec-
tral triples, and it will be stronger than the propinquity. To reach our goal, we
make the following observations. First, metric spectral triples give rise to metrical
quantum vector bundles in a completely natural manner. This is an important
proof-of-concept for our work on the modular propinquity. We then prove that the
metric propinquity actually already fully capture the metric properties of spectral
triples without any modification to the propinquity: this indicates that our modular
propinquity is an appropriate notion of convergence for modules.
Second, we want to encode more than the metric property for metric spectral
triples. Our project has given us the idea on how to proceed from there. As is
well-known, spectral triples give rise to natural actions of R by unitaries on the
underlying Hilbert space of the spectral triple. The propinquity is well-behaved
with respect to group, or even monoid actions. In fact, we have defined a covariant
version of the propinquity. In this paper, we introduce the covariant version of
the modular propinquity in the same spirit as [19, 21, 20]. This is a contribution
to our project on its own, so we develop it in its full generality. Now, applying
the covariant modular propinquity to the metrical quantum vector bundles defined
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by metric spectral triples and their canonical unitary actions of R is our spectral
propinquity.
2. D-norms from Metric Spectral Triples
Proposition (1.9) shows that metric spectral triples give rise to quantum compact
metric spaces. We now see that in fact, these triples give rise to more structure: they
define metrical quantum vector bundles, i.e. a particular type of module structure
over quantum compact metric spaces. The importance of this observation is that
we have constructed a complete metric on metrical quantum vector bundles — the
metrical propinquity — and thus, we immediately have a pseudo-metric on metric
spectral triples. We recall from [18] the following notion.
Convention 2.1. In this paper, all modules over C*-algebras will be left modules.
Definition 2.2 ([18, Definition 2.12]). A (F,G,H)–metrical quantum vector bun-
dle:
(M ,D,B, LB,A, LA)
is given by the following:
(1) (A, LA) and (B, LB) are F–quasi-Leibniz quantum compact metric spaces,
(2) (M , 〈·, ·〉
M
) is a Hilbert B-module,
(3) M is an A-module,
(4) D is a norm defined on a dense C-subspace dom(D) of M such that:
(a) for all ω ∈ dom (D) we have ‖ω‖
M
6 D(ω),
(b) the set {ω ∈ M : D(ω) 6 1} is compact for ‖·‖
M
,
(c) for all ω, η ∈ M , we have:
max {LB (ℜ〈ω, ω〉M ) , LB (ℑ〈ω, ω〉M )} 6 H(D(ω),D(η)),
where H : [0,∞)2 → [0,∞) is weakly increasing for the product order,
and such that H(x, y) > 2xy for all x, y > 0,
(d) for all ω ∈ M and a ∈ A, we have:
D(aω) 6 G(‖a‖
A
, LA(a),D(ω)),
where G : [0,∞)3 → [0,∞) is weakly increasing for the product order
and such that G(x, y, z) > (x+ y)z.
A triple of functions (F,G,H) as above is called permissible. A Leibniz metrical
quantum vector bundle is a (F,G,H)–metrical quantum vector bundle where, for
all x, y, z, t > 0, we have F (x, y, z, t) = xz+ yt, G(x, y, z) = (x+ y)z and H(x, y) =
2x2y2.
Definition 2.3. A (F,G,H)–metrical quantum vector bundle of the form
(M ,D,A, L,C, 0)
simply denoted by (M ,D,A, L), is called a (F,H)–metrized quantum vector bundle,
and (F,H) is called a permissible pair.
Quantum metrized vector bundles are modeled after Hermitian vector bundles
endowed with a choice of a metric connection, which is used to define the D-norms.
The introduction of the more general metrical quantum vector bundles is actually
motivated by spectral triples.
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The following theorem, upon which our present work relies, brings together our
work on modules in noncommutative metric geometry and noncommutative differ-
ential geometry:
Theorem 2.4. Let (A,H , D) be a metric spectral triple. If for all a ∈ A we set:
LD(a) = |||[D, π(a)]|||H .
and for all ξ ∈ H , we set:
D(ξ) = ‖ξ‖
H
+ ‖Dξ‖
H
.
then (H , 〈·, ·〉
H
,D,C, 0,A, LD) is a Leibniz metrical quantum vector bundle, which
we denote by mvb (A,H , D).
Proof. For any a ∈ dom(LD) and ξ ∈ dom (D), we compute:
〈Daξ,Daξ〉
H
= 〈Da− aDξ,Daξ〉
H
+ 〈aDξ,Daξ〉
H
= 〈[D, a]ξ,Daξ〉
H
+ 〈aDξ,Daξ〉
H
= 〈[D, a]ξ, [D, a]ξ〉
H
+ 〈[D, a]ξ, aDξ〉
H
+ 〈aDξ,Daξ〉
H
= 〈[D, a]ξ, [D, a]ξ〉
H
+ 2ℜ〈[D, a]ξ, aDξ〉
H
+ 〈aDξ, aDξ〉
H
6 ‖[D, a]ξ‖2
H
+ 2 ‖[D, a]ξ‖
H
‖a‖
A
‖Dξ‖
H
+ ‖a‖2
A
‖Dξ‖2
H
= (‖[D, a]ξ‖
H
+ ‖a‖
A
‖Dξ‖
H
)2
6 (LD(a) ‖ξ‖H + ‖a‖AD(ξ))2 .
Hence, ‖Daξ‖
H
6 LD(a) ‖ξ‖H + ‖a‖A ‖Dξ‖H . Now, since ‖aξ‖H 6 ‖a‖A ‖ξ‖H ,
we conclude that D(aξ) 6 LD(a) ‖ξ‖H + ‖a‖AD(ξ) 6 (LD(a) + ‖a‖A)D(ξ).
Now, H is a Hilbert C-module, and (C, 0) is a Leibniz quantum compact metric
space (the only possible one with C*-algebra C) where the L-seminorm is 0. There-
fore, (H , 〈·, ·〉
H
,D,C, 0,A, L) has all the properties of a Leibniz metrical quantum
vector bundle, as long as we prove the compactness of the unit ball of D.
Let ξ ∈ H with D(ξ) 6 1. By construction, ‖(D + i)ξ‖
H
6 ‖Dξ‖
H
+‖ξ‖
H
6 1.
By definition, D + i has a compact inverse, which we denote by K. We then have:
{ξ ∈ H : D(ξ) 6 1} = K {(D + i)ξ : ξ ∈ H ,D(ξ) 6 1}
= K {ξ ∈ H : ‖ξ‖
H
6 1}
and, as K is compact, the set K {ξ ∈ H : ‖ξ‖
H
6 1}, and therefore, the unit ball
of D, are totally bounded in H .
It remains to show that D is lower semicontinuous. We thus now prove that the
unit ball of D is closed in ‖·‖
H
.
Now, let (ξn)n∈N ∈ dom (D) converging to ξ in H and with D(ξn) 6 1 for all
n ∈ N. Let η ∈ dom (D). We compute:
〈ξ,Dη〉
H
= lim
n→∞ 〈ξn, Dη〉H
= lim
n→∞
〈Dξn, η〉H
6 lim sup
n→∞
‖Dξn‖H ‖η‖H
6 lim sup
n→∞
(1− ‖ξn‖H ) ‖η‖H
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= (1− ‖ξ‖
H
) ‖η‖
H
.
Therefore, the map η ∈ dom (D) 7→ 〈ξ,Dη〉
H
is continuous. Hence ξ ∈ dom (D∗) =
dom(D), and thus for all η ∈ dom(D):
〈Dξ, η〉
H
= 〈ξ,Dη〉
H
6 (1− ‖ξ‖
H
) ‖η‖
H
.
Thus η ∈ dom(D) 7→ 〈Dξ, η〉
H
is uniformly continuous (as a (1− ‖ξ‖
H
)-
Lipschitz function) linear map on the dense subset dom (D), and thus extends
uniquely to H , where it has norm 1− ‖ξ‖
H
. Therefore ‖Dξ‖
H
6 1 − ‖ξ‖
H
and
thus D(ξ) 6 1 as desired.
Thus D is indeed a D-norm.
Hence, if (A, L) is a quantum compact metric space, we conclude that:
mvb (A,H , D) = (H , 〈·, ·〉
H
,D,C, 0,A, L)
is a Leibniz Leibniz metrical quantum vector bundle. 
As we know how to construct Leibniz metrical quantum vector bundles from
metric spectral triples, it is only natural to apply the metrical propinquity to them,
as defined in [18]. We will review the construction of the modular and metrical
propinquity in the next section, and we refer to [18] for details. We do recall from
[22, 18] the notions of module morphisms and modular quantum isometry which
we will now use.
Definition 2.5 ([22, 18]). If M is an A-module and N is a B-module for two
unital C*-algebras A and B, then a module morphism (π,Π) : A1 → A2 is a *-
morphism π : A→ B and a C-linear map Π : M → N such that for all a ∈ A and
ω ∈ M , we have Π(aω) = π(a)Π(ω).
If moreover M and N are Hilbert modules, then (π,Π) is a Hilbert module
morphism when it is a modular morphism such that 〈Π(ω),Π(η)〉
N
= π(〈ω, η〉
M
)
for all ω, η ∈ M .
Definition 2.6 ([22, 18]). If A1 = (M ,DA,A, LA) and A2 = (N ,DB,B, LB) are
two metrized quantum vector bundles, then a modular quantum isometry (π,Π) :
A1 → A2 is a Hilbert modular morphism from A1 to A2 such that for all ω ∈ N :
DB(ω) = inf
{
DA(η) : η ∈ Π−1({ω})
}
and π : (A, LA)→ (B, LB) is a quantum isometry.
A modular quantum isometry (π,Π) is a full modular quantum isometry when
both π and Π are bijections, π is a full quantum isometry, and DB ◦Π = DA.
From our perspective, two metrized quantum vector bundles are isomorphic when
there exists a full modular quantum isometry between them. Putting all these in-
gredients together, we get the following notion for isomorphism of metrical quantum
vector bundles:
Definition 2.7 ([18]). If
A1 = (M1,D1,A1, L
1
A,B1, L
1
B) and A2 = (M2,D2,A2, L
2
A,B2, L
2
B),
then (θ,Θ, π) : A1 → A2 is a metrical isomorphism when:
(1) (θ,Θ) : (M1,D1,A1, L
1
A
) → (M2,D2,A2, L2A) is a full modular quantum
isometry,
(2) π : (B1, L
1
B
)→ (B2, L2B) is a full quantum isometry,
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(3) (π,Θ) is a module isomorphism from M1, seen as an B1-left module, to
M2, seen as a B2-left module.
Of interest is the meaning of distance zero in terms of the original spectral triples.
Theorem 2.8. Let (A,HA, DA) and (B,HB, DB) be two metric spectral triples.
Denote LDA by LA and LDB by LB.
The following assertions are equivalent:
(1) Λ∗met(mvb(A,HA, DA),mvb(B,HB, DB)) = 0
(2) there exists a full quantum isometry ρ : (A, LA) → (B, LB) and a unitary
U : HA → HB such that:
UD2BU
∗ = D2A and ρ = AdU .
Proof. We identify A as its image acting on HA for the spectral triple (A,HD, DA),
and similarly with B.
By [20], since:
Λ∗met(mvb(A,HA, DA),mvb(B,HB, DB)) = 0
the metrical quantum vector bundles mvb(A,HA, DA), mvb(B,HB, DB) are met-
rically isomorphic, i.e. there exists a full quantum isometry ρ : (A, LA) → (B, LB)
and a linear isometry, i.e. a unitary U : HA → HB such that DB ◦ U = DA and
(ρ, U) is a module morphism from HA to HB (as modules over, respectively, A and
B) — there is also a full quantum isometry ι from (C, 0) to itself such that (ι, U)
is a Hilbert C-module map, but of course, ι is the identity.
Thus to begin with, if a ∈ A and ξ ∈ HA, then, since (ρ, U) is a modular
morphism:
ρ(a)Uξ = U(aξ) so ∀η ∈ HB ρ(a)η = UaU∗η.
Moreover, since DB ◦ U = DA, we conclude for all ξ ∈ HA:
‖ξ‖
HA
+ ‖DAξ‖HA = ‖Uξ‖HB + ‖DBUξ‖HB
and since U is an isometry, ‖ξ‖
HA
= ‖Uξ‖
HB
, and therefore we conclude for all
ξ ∈ HA:
‖DAξ‖HA = ‖DBUξ‖HB
= ‖U∗DBUξ‖HA .
(2.1)
Let q(ξ) = 〈DAξ,DAξ〉HA =
〈
D2
A
ξ, ξ
〉
HA
for all ξ ∈ HA. By Expression (2.1),
we have:
∀ξ ∈ HA q(ξ) = 〈U∗DBUξ, U∗DBUξ〉HA =
〈
U∗D2BUξ, ξ
〉
HA
.
We then have for all ξ, ζ ∈ HA:〈
D2Aξ, ζ
〉
HA
=
1
4
(q(ξ + ζ)− q(ξ − ζ) + iq(ξ − iζ)− iq(ξ + iζ))
=
〈
U∗D2BUξ, ζ
〉
HB
.
Therefore, D2
A
= U∗D2
B
U . 
There are several examples where a spectral triple is defined using a positive
Dirac operator, which essentially means that such a triple contains only metric
information. In case such a positive spectral triple is also a metric spectral triple,
then we actually see that the metrized quantum vector bundles contain enough
information to obtain:
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Corollary 2.9. The class of positive metric spectral operators consists of those
metric spectral triples (A,H , D) where D is a positive operator. The class function
Λ∗met (mvb(·),mvb(·)) is a metric on the class of positive metric spectral triples, up
to equivalence of metric spectral triples.
Proof. Let (A,HA, DA) and (B,HB, DB) be two metric spectral triples with DA
and DB positive. Assume that Λ
∗met(mvb(A,HA, DA),mvb(B,HB, DB)) = 0. By
Theorem (2.8), there exists a unitary U : HA → HB and a full quantum isometry
ρ : (A, LA)→ (B, LB) such that ρ = AdU and UD2AU∗ = D2B.
Since D2
A
= UD2
B
U∗ = (UDAU∗)
2
, and since both DA and DB, hence UDBU
∗,
are positive, we conclude by uniqueness of the positive square root that DA =
UDBU
∗. 
In general, spectral triples involve non-positive Dirac operators, and thus, some
information appears lost from the picture we have described so far. To remedy this
problem, we bring another idea which we have developed for the propinquity: the
construction of a covariant version of our metric. Indeed, any spectral triple defines
a canonical action of R by unitary on its underlying Hilbert space. Incorporating
this data, which is natl in sight of our work in [19, 21, 20], we will be able to obtain
a distance of metric spectral triple up to full equivalence.
We thus develop the covariant version of the modular and metric propinquity in
the next section. We do so in full generality on the model of [21].
3. The covariant Metrical Propinquity
We construct the covariant version of the propinquity between metrical quantum
vector bundles. For our purpose, it is simpler to begin with the construction of the
covariant version of the propinquity between metrized quantum vector bundles.
We begin with a brief description of the modular propinquity itself, based on our
work in [18]. We employ the same idea of isometric embedding employed with the
propinquity, though now for modules:
Definition 3.1 ([18]). Let Aj = (Mj ,Dj ,Aj, L
j
A
), for j ∈ {1, 2}, be two (F,H)–
metrized quantum vector bundles. A modular tunnel τ = (P,Θ1,Θ2) from A1 to
A2 is given by a (F,H)–metrized quantum vector bundle and, for each j ∈ {1, 2},
a modular quantum isometry Θj : P→ Aj .
Notably, the extent of a modular tunnel is simply the extent of its underlying
tunnel:
Definition 3.2 ([18]). Let Aj = (Mj ,Dj ,Aj, L
j
A
), for j ∈ {1, 2}, be two (F,H)–
metrized quantum vector bundles. The extent of a modular tunnel
τ = (P, (θ1,Θ1), (θ2,Θ2)),
where P = (P,D,D, LD), is the extent of the tunnel (D, LD, θ1, θ2) from (A1, L1)
to (A2, L2).
The modular propinquity is then defined as the usual propinquity, albeit using
modular tunnels:
Definition 3.3 ([18]). We fix a permissible pair (F,H). The modular (F,H)-
propinquity is defined between any two (F,H)–metrized quantum vector bundles
M1 and M2 as:
Λ
∗mod
F,H (M1,M2) = inf {χ (τ) : τ is a (F,H)-modular tunnel from M1 to M2} .
14 FRÉDÉRIC LATRÉMOLIÈRE
We were able to establish that:
Theorem 3.4 ([18]). The modular propinquity is a complete metric on the class
of (F,H)–metrized quantum vector bundles up to full modular quantum isometry.
The class of objects we now wish to extend the modular propinquity to con-
sists of metrized quantum vector bundles endowed with a proper monoid action,
appropriately defined as follows. Note that while we only work with group actions
when dealing with spectral triples in this paper, there is no additional complication
introduced when working with monoids.
Definition 3.5 ([21]). A proper monoid (G, δ) is a monoid G (a unital associative
magma) and a left invariant metric δ on G which induces a topology of a proper
metric space on G (i.e. a topology for which all closed balls are compact) for which
the multiplication on G is continuous.
Lipschitz dynamical systems are actions of proper monoids on quantum compact
metric spaces. While we developed the covariant propinquity between such systems
which acts by positive linear maps, for our current purpose, we will focus on actions
by *-endomorphisms.
Definition 3.6 ([21]). A Lipschitz dynamical system (A, L, α,H, δH) is a quantum
compact metric space (A, L), a proper monoid (H, δH) and a monoid morphism α
from H to the monoid of *-endomorphisms of (A, L), such that:
(1) α is strongly continuous: for all a ∈ A and g ∈ H , we have
lim
h→g
∥∥αg(a)− αh(a)∥∥
A
= 0,
(2) the map:
g ∈ H 7−→ inf {k > 0 : L ◦ αg 6 kL}
is locally bounded.
We record that in Lipschitz dynamical systems, the proper monoids act by Lip-
schitz morphisms as studied in [14].
Definition 3.7. Let (F, J) be a permissible pair. A covariant modular (F, J)-
system
(
M D β (G, δG, q)
A L α (H, δH)
)
is given by:
(1) a metrized quantum vector bundle (M ,D,A, LA),
(2) a Lipschitz dynamical system (A, L, α,H, δH),
(3) a proper monoid (G, δG),
(4) a continuous morphism q from G to H ,
(5) for each g ∈ G, we have a linear endomorphism βg of M with |||βg|||
M
6 1
and such that:
(a) the pair (αq(g), βg) is a Hilbert module map.
(b) for all ω ∈ M and g ∈ G, we have:
lim
h→g
∥∥αh(ω)− αg(ω)∥∥
M
= 0,
(c) there exists a locally bounded function K : G → [0,∞) such that for
all g ∈ G, we have D ◦ αg 6 K(g)D.
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We recall from [21] how to define a covariant version of the Gromov-Hausdorff
distance between proper monoids. The key ingredient is an approximate notion of
an isometric isomorphism, defined as follows:
Definition 3.8 ([21]). A r-local ε-almost isometry (ς1, ς2) from (G1, δ1) to (G2, δ2)
is a pair of maps ς1 : G1 → G2 and ς2 : G2 → G1 such that for all {j, k} = {1, 2}:
(1) ςj(ej) = ek,
(2) for all g, g′ ∈ Gj [r] and h ∈ Gk[r]:
|δk(ςj(g)ςj(g′), h)− δj(gg′, ςk(h))| 6 ε.
The set of all r-local ε-almost isometries is denoted by:
UIsoε ((G1, δ1)→ (G2, δ2)|r).
Local, almost isometries enjoy a natural composition property, which is the rea-
son why the covariant Gromov-Hausdorff distance they define is indeed a metric:
Theorem 3.9 ([21]). Let ε1, ε2 ∈
(
0,
√
2
2
)
. If ς = (ς1, ς2) ∈ UIsoε1
(
G1 → G2
∣∣∣ 1ε1
)
and κ = (κ1,κ1) ∈ UIsoε2
(
G2 → G3
∣∣∣ 1ε2
)
then:
(κ1 ◦ ς1, ς2 ◦ κ2) ∈ UIsoε1+ε2
(
G1 → G3
∣∣∣∣ 1ε1 + ε2
)
.
We denote (κ1 ◦ ς1, ς2 ◦ κ2) by κ ◦ ς.
If (G, δG) and (H, δH) are two proper monoids, then we define their covariant
Gromov-Hausdorff distance Υ((G, δG), (H, δH)) as:
max
{√
2
2
, inf
{
ε > 0 : UIsoε
(
(G, δG)→ (H, δH)
∣∣∣∣1ε
)
6= ∅
}}
,
and we proved in [21] that Υ is a metric up to isometric isomorphism of monoids;
moreover we study conditions on classes of proper monoids to be complete in [20].
For our purpose, we will focus on how to use these ideas to construct a covariant
version of Λ∗mod.
We begin with a simple observation. The dual-modular propinquity does not
involve the computation of any quantity directly involving the modules — the
extent of the basic tunnel is all that is needed. Thus, the various requirements
placed on modular tunnels, regarding maps being quantum isometries, are sufficient
to ensure that the basic tunnel’s extent encodes information about the distance
between modules. However, for our current effort, it is worthwhile to begin with
the observation that indeed, there is a natural form of a “modular extent”, although
it is no greater than the extent of a modular tunnel.
We begin by identifying a convex subset of linear functionals over a Hilbert
module.
Notation 3.10. Let (M ,D,A, L) be a metrized quantum vector bundle. For any
ϕ ∈ S (A) and ω ∈ M , then we write ϕ⊙ ω for η ∈ M 7→ ϕ (〈η, ω〉
M
). The state
space S (M ) of M is:
{ϕ⊙ ω : ϕ ∈ S (A), ω ∈ M ,D(ω) 6 1} .
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Remark 3.11. The space S (M ) is not convex in general; it is not the set of extreme
points of its convex hull either. Thus, it may be that future applications will prefer
to work with the convex hull of S (M ), though for our purpose, such a change
would not affect our work, and the present choice is quite natural and easier to
handle.
We now define a form of the Monge-Kantorovich metric on the state space of
modules.
Notation 3.12. Let (M ,D,A, L) be a metrized quantum vector bundle. For any
ϕ, ψ ∈ S (A) and ω, η ∈ M with D(ω) 6 1 and D(η) 6 1, we set:
mkaltD (ϕ⊙ ω, ψ ⊙ η) = sup
ζ∈M
D(ζ)61
|ϕ (〈ζ, ω〉
M
)− ψ (〈ζ, η〉
M
)|
The topology induced by this new metric on the state space of a module of a
metrized quantum vector bundle is the weak* topology.
Proposition 3.13. Let (M ,D,A, L) be a metrized quantum vector bundle. The
topology induced by mkaltD on S (M ) is the weak* topology and S (M ) is weak*
compact.
Proof. Let (ϕn)n∈N be a sequence in S (A) and let (ωn)n∈N be a sequence in
{ω ∈ M : D(ω) 6 1}.
Assume first that (ϕn⊙ωn)n∈N converges weakly to some linear functional µ over
M . By compactness of both S (A) for the weak* topology and of {ω ∈ M : D(ω) 6
1} in norm, there exists a subsequence (ϕf(n))n∈N of (ϕn)n∈N weak* converging to
some ϕ ∈ S (A), and there exists a subsequence (ωg(n))n∈N of (ωn)n∈N converging
to some ω in norm. Note that by lower semicontinuity of D, we have D(ω) 6 1. Up
to extracting further subsequences, we assume f = g without loss of generality.
Let ζ ∈ M and let ε > 0. Since (ϕf(n))n∈N weak* converges to ϕ, there ex-
ists N1 ∈ N such that if n > N then |ϕf(n)(ζ) − ϕ(ζ)| < ε3 . Moreover, since
(ωf(n))n∈N converges to ω in norm, there exists N2 ∈ N such that if n > N2 then∥∥ω − ωf(n)∥∥M 6 ε3 . Last, as µ is the weak* limit of (ϕn ⊙ ωn)n∈N, there exists
N3 ∈ N such that if n > N3 then |µ(ζ) − ϕn ⊙ ωn(ζ)| < ε3 .
If n > max{N1, N2, N3} then:
|µ(ζ)− ϕ⊙ ω(ζ)| 6 ∣∣µ(ζ) − ϕf(n) ⊙ ωf(n)∣∣+ ∣∣ϕf(n) ⊙ ωf(n)(ζ) − ϕ⊙ ω(ζ)∣∣
6
ε
3
+
∣∣ϕ(〈ζ, ω〉)− ϕf(n)(〈ζ, ω〉)∣∣
+
∣∣ϕf(n)(〈ζ, ω〉)− ϕf(n)(〈ζ, ωf(n)〉)∣∣
6
ε
3
+
ε
3
+ ‖ω − ωn‖M 6 ε.
Therefore µ(ζ) = ϕ ⊙ ω(ζ) since ε > 0 is arbitrary. As ζ ∈ M is arbitrary as well,
we conclude µ = ϕ⊙ ω. Thus S (M ) is weak* closed. As it is a subset of the unit
ball of the dual of M , we conclude that S (M ) is weak* compact.
We now prove that (ϕn ⊙ ωn)n∈N converges to µ = ϕ⊙ ω for mkalt. Let ε > 0.
Since {ω ∈ M : D(ω) 6 1} is compact, there exists a finite ε3 -dense subset F of{ω ∈ M : D(ω) 6 1}. As F is finite, and since (ϕn⊙ωn)n∈N converges to ϕ⊙ω for
the weak* topology, there exists N ∈ N such that if n > N then |ϕn ⊙ωn(ζ)−ϕ⊙
ω(ζ)| < ε3 for all ζ ∈ F .
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Let now ζ ∈ {ω ∈ M : D(ω) 6 1}. By construction, there exists η ∈ F such
that ‖ζ − η‖
M
< ε3 . Since ‖ωn‖M 6 D(ωn) 6 1 for all n ∈ N and similarly since‖ω‖ 6 1, we then have:
|ϕ ◦ ω(ζ)− ϕn ◦ ωn(ζ)| 6 |ϕ ◦ ω(ζ)− ϕ ◦ ω(η)|+ |ϕ ◦ ω(η)− ϕn ◦ ωn(η)|
+ |ϕn ◦ ωn(η) − ϕn ◦ ωn(ζ)|
6 ‖〈ζ − η, ω〉‖
A
+
ε
3
+ ‖〈ζ − η, ωn〉‖A
6 2 ‖ζ − η‖
M
‖ω‖
M
+
ε
3
6 ε.
Therefore, if n > N then mkalt (ϕ⊙ ω, ϕn ⊙ ωn) 6 ε.
We now turn to the converse: we assume that (ϕn ⊙ ωn)n∈N converges to some
ϕ ⊙ ω for mkalt. Let ζ ∈ M \ {0} and ε > 0. By density of the domain of
D, there exists η ∈ dom(D) such that ‖ζ − η‖
M
< ε3 . Then, there exists N ∈
N such that if n > N then mkaltϕn ⊙ ωn, ϕ⊙ ω < ε3D(η) . Thus in particular,
|ϕn ⊙ ωn(η)− ϕ⊙ ω(η)| < ε3 if n > N .
Hence if n > N then, as above:
|ϕn ⊙ ωn(ζ)− ϕ⊙ ω(ζ)| 6 |ϕn ⊙ ωn(ζ) − ϕn ⊙ ωn(η)|+ |ϕn ⊙ ωn(η)− ϕ⊙ ω(η)|
|ϕ⊙ ω(η)− ϕ⊙ ω(ζ)|
6 ‖〈ζ − η, ωn〉‖A +
ε
3
+ ‖〈ζ − η, ω〉‖
A
6 2 ‖ζ − η‖
M
+
ε
3
6 ε.
Hence, (ϕn ⊙ ωn)n∈N weak* converges to ϕ⊙ ω as desired. 
The dual propinquity between quantum compact metric spaces is defined using
the extent of tunnels, though originally [12] we used a somewhat different construc-
tion using quantities called reach and height. The relevance of this observation
is that while the extent has better properties, the reach is helpful in defining the
covariant version of the propinquity between Lipschitz dynamical systems.
When defining the modular propinquity, we actually only use the extent again,
and we need a notion of reach to make a covariant modular propinquity: thus the
question is what the reach of a modular tunnel should be. This is the purpose of
the introduction of the dual modular Monge-Kantorovich metric of Notation (3.12).
Our first proposition in this direction shows why the natural candidate for the reach
of a modular tunnel is dominated by the extent (up to a constant related to the
quasi-Leibniz property).
We will use the notion of target sets defined by tunnels. As explained in [15,
12, 17, 22, 19, 21, 20, 18], tunnels are a form of “almost morphisms” which induce
set-valued maps which behave as morphisms, using the following definitions:
Definition 3.14 ([12, 18]). Let (A, LA) and (B, LB) be two quantum compact
metric spaces. If τ = (D, LD, πA, πB) is a tunnel, if a ∈ dom(LA) and if l > LA(a)
then the target l-set tτ (a|l) of a is:
tτ (a|l) =
{
πB(d) : d ∈ π−1A ({a}), LD(d) 6 l
}
.
Let A = (M ,DA,A, LA) and B = (N ,DB,B, LB) be two metrized quantum
vector bundles. If τ = (P, (πA,ΠA), (πB,ΠB)) is a modular tunnel with P =
18 FRÉDÉRIC LATRÉMOLIÈRE
(P,D,D, LD), if ω ∈ P and if l > D(ω), then the target l-set tτ (a|l) of a is:
tτ (ω|l) =
{
ΠB(ζ) : ζ ∈ Π−1A ({ω}),D(ζ) 6 l
}
.
Moreover, by abuse of notation, if a ∈ dom (LA) and l > LA(a) then we write tτ (a|l)
for tτ♭ (a|l) where τ♭ = (D, LD, πA, πB).
Proposition 3.15. Let A = (M ,DA,A, LA) and B = (N ,DB,B, LB) be two
(F,H)–metrized quantum vector bundle s, and let τ = (P, (θA,ΘA), (θB,ΘB)) be a
modular (F,H)-tunnel from A to B, with P = (P,D,D, LD). We have:
Hausmkalt
D
({µ ◦ΘA : µ ∈ S (M )} , {ν ◦ΘB : ν ∈ S (N )}) 6 Hχ (τ)
where H = H(1, 1).
Proof. Let ω ∈ M with D(ω) 6 1 and ϕ ∈ S (A). By definition of the extent of τ ,
there exists ψ ∈ S (B) such that mk(ϕ, ψ) 6 χ (τ). Let η ∈ tτ (ω|1): namely, there
exists ξ ∈ P with D(ξ) 6 1 such that ΘA(ξ) = ω and ΘB(ξ) = η.
We now compute the distance mkaltD (ϕ ⊙ ω, ψ ⊙ η). Let ζ ∈ M with D(ζ) 6 1.
We note first that:
L (〈Θ(ζ), ω〉) = L (〈Θ(ζ),Θ(ξ)〉) = L ◦ θ(〈ζ, ξ〉) 6 L(〈ζ, ξ〉) 6 H(D(ζ),D(ξ)) 6 H .
Therefore:
|ϕ⊙ ω(ΘA(ζ))− ψ ⊙ η(ΘB(ζ))| = |ϕ(〈ΘA(ζ), ω〉)− ψ(〈ΘB(ζ), η〉)|
6 Hmk(ϕ, ψ) 6 Hχ (τ).
Therefore, mkaltD (ϕ ⊙ ω, ψ ⊙ η) 6 Hχ (τ) as desired. This computation is sym-
metric in A and B, so our proposition is now proven. 
While the expression in our previous proposition seems redundant, it takes a
new importance when trying to define a covariant version of the dual-modular
propinquity. Indeed, we want to extend our ideas from [21], where in particular,
tunnels need not be equipped with any group actions, and instead we modify an
expression of the form given by Proposition (3.15) to account for the actions (this
quantity is known as the reach in [12]).
We now define covariant tunnels between covariant modular systems. We em-
phasize that we do not require any group action on the elements of the tunnels
themselves: our covariant tunnels are build by bringing together modular tunnels
and local almost isometries, with one small additional condition.
Definition 3.16. Let (F, J) be a permissible pair. Let
Mj =
(
Mj Dj βj (Gj , δGj , qj)
Aj Lj αj (Hj , δHj )
)
,
for each j ∈ {1, 2}, be a covariant modular (F, J)-system.
An ε-covariant tunnel τ = (P, (θ1,Θ1), (θ2,Θ2), ς,κ) from M1 to M2 is given
by:
(1) a metrized quantum vector bundle P = (P,D,D, LD),
(2) for each j ∈ {1, 2}, a quantum modular isometry Θj : P։Mj ,
(3) a local almost isometry ς = (ς1, ς2) ∈ UIsoε
(
G1 → G2
∣∣ 1
ε
)
,
(4) a local almost isometry κ = (κ1,κ2) ∈ UIsoε
(
H1 → H2
∣∣ 1
ε
)
,
(5) for all {j, k} = {1, 2} and for all g, g′ ∈ Gj
[
1
ε
]
, we have:
δHk(qk(ςj(g)),κj(qj(g))) 6 ε.
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The covariant reach is a modification of the idea of the Hausdorff distance we
used in Proposition (3.15) which includes the action and local almost isometries. For
reference and comparison, we also include the reach of a covariant tunnel following
[21].
As our notation involves a lot of data, we will take the liberty to invoke the
notations used in Definition 3.16) repeatedly below.
Definition 3.17 ([21]). We use the notations of Definition (3.16). The ε-covariant
reach ρ (τ |ε) of τ is:
max
{j,k}={1,2}
sup
µ∈S (Aj)
inf
ν∈S (Ak)

 sup
g∈Hj[ 1ε ]
mkLD(µ ◦ αgj ◦ θj , ν ◦ ακj(g)k ◦ θk)

 .
Our new definition is:
Definition 3.18. We use the notations of Definition (3.16). The ε-modular covari-
ant reach ρm (τ |ε) of τ is:
max
{j,k}={1,2}
sup
µ∈S (Mj)
inf
ν∈S (Mk)

 sup
g∈Gj[ 1ε ]
mkaltD (µ ◦ βg ◦Θj , ν ◦ βςj(g) ◦Θk)

 .
We now follow the pattern identified in [21] and synthesize our various numerical
quantities attached to a covariant modular tunnel into a single number:
Definition 3.19. We use the notations of Definition (3.16). The ε-modular mag-
nitude of τ is:
µm (τ |ε) = max {χ (τ), ρ (τ |ε), ρm (τ |ε)} .
Remark 3.20. To any modular covariant tunnel corresponds a covariant tunnel
between the underlying Lipschitz dynamical systems formed by the base spaces,
and the modular magnitude dominates the magnitude of this tunnel. Using the
notations of Definition (3.16), this covariant tunnel is simply τ♭(D, LD, θ1, θ2,κ),
and by construction, µ (τ♭|ε) 6 µm (τ |ε).
We verify that tunnels can be almost composed, which is the reason why, ulti-
mately, our covariant modular metric will satisfy the triangle inequality.
Theorem 3.21. Let (F, J) be a permissible pair. Let ε1 > 0, ε2 > 0. Let M1,
M2 and M3 be three covariant modular (F, J)-systems. Let τ1 be ε1 > 0-covariant
tunnel from M1 to M2 and let τ2 be a ε2 > 0-covariant tunnel from M2 to M3.
If ε > 0 then there exists a (ε1 + ε2)-covariant (F, J)-tunnel τ from M1 to M3
with:
µ (τ |ε1 + ε2) 6 µ (τ1|ε1) + µ (τ2|ε2) + ε.
Proof. Let ε, ε1, ε2 > 0. Let Mj =
(
Mj Dj βj (Gj , δj , qj)
Aj Lj αj (Hj , dj)
)
for each j ∈
{1, 2, 3}. Let τ1 be a ε1-covariant tunnel from M1 to M2 with:
τ1 =
(
P1, (θ1,Θ1), (θ2,Θ2), ς1,κ1
)
with P1 = (P1,D1,D1, L1) and let τ2 be a ε2-covariant tunnel from M2 to M3
with:
τ2 =
(
P2, (π1,Π1), (π2,Π2), ς2,κ2
)
with P2 = (P2,D2,D2, L2).
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Let:
P =
(
P
1 ⊕P2,D,D1 ⊕D2, L)
where for all (d1, d2) ∈ D1 ⊕D2:
L(d1, d2) = max
{
L1(d1), L2(d2),
1
ε
‖π2(d1)− ξ1(d2)‖A2
}
and for all (ω1, ω2) ∈ P1 ⊕P2:
D(ω1, ω2) = max
{
D1(ω1),D2(ω2),
1
ε
‖Π2(ω1)− Ξ(ω2)‖}
}
.
Let Ξ1 : (ω1, ω2) ∈ P1 ⊕P2 7→ Θ1(ω1), and Ξ2 : (ω1, ω2) ∈ P1 ⊕P2 7→ Π2(ω1).
Similarly, let ξ1 : (d1, d2) ∈ D1⊕D2 7→ θ1(d1) and ξ2 : (d1, d2) ∈ D1⊕D2 7→ π2(d2).
By [18], we conclude that (P, (ξ1,Ξ1), (ξ2,Ξ2)) is a modular (F, J)-tunnel from
(M1,D1,A1, L1) to (M3,D3,A3, L3) of extent at most ε1 + ε2 + ε.
Using Theorem (3.9), we also have:
ς ∈ UIsoε1+ε2
(
G1 → G3
∣∣∣∣ 1ε1 + ε2
)
and:
κ ∈ UIsoε1+ε2
(
H1 → H3
∣∣∣∣ 1ε1 + ε2
)
µ (τ |ε1 + ε2) 6 µ (τ1|ε1) + µ (τ2|ε2) + ε.
Let µ ∈ S (M1). By definition of the modular reach, there exists ν ∈ S (M2)
such that, for all g ∈ G
[
1
ε1
]
, we havemkalt
D1
(µ◦αg◦Θ1, ν◦ας(g)◦Θ2) 6 ε1. Similarly,
there exists η ∈ S (M3) such that mkaltD2 .
Now, let ζ = (ζ1, ζ2) ∈ P1 ⊕P2 with D(ζ) 6 1. In particular, D1(ζ1) 6 1 and
D2(ζ2) 6 1. Moreover, ‖Π1(ζ1)− Ξ(ζ2)‖M2 < ε.∣∣∣µ ◦ βg1 ◦ Ξ1(ζ1, ζ2)− η ◦ βς(g)3 ◦ Ξ(ζ1, ζ2)∣∣∣
=
∣∣∣µ ◦ βg1 (ζ1)− η ◦ βς(g)3 (ζ2)∣∣∣
6
∣∣∣µ ◦ βg1 (ζ1)− ν ◦ βς(g)2 (ζ1)∣∣∣+ ∣∣∣ν ◦ βς(g)2 (ζ1)− ν ◦ βς(g)2 (ζ2)∣∣∣
+
∣∣∣ν ◦ βς(g)2 (ζ2)− η ◦ βς(g)3 (ζ2)∣∣∣
6 mkalt(µ ◦ βg ◦Θ1, ν ◦ βς(g)) + |Θ2(ζ1)−Π1(ζ2)|+mkalt(ν ◦ βς(g)2 , η ◦ βς(g)3 )
6 ε1 + ε+ ε2.
Therefore, the (ε1 + ε2)-covariant reach of τ is bounded above by ε1 + ε2 + ε.
Altogether, we thus have shown that τ is a (ε1 + ε2)-covariant tunnel with:
µ (τ |ε1 + ε2) 6 ε1 + ε2 + ε
as desired 
We now have the tools to define the covariant modular propinquity.
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Notation 3.22. For any permissible pair (F,H), and any two covariant modular
systems A and B, the set of all ε-covariant (F,H)-tunnels from A to B is denoted
by:
Tunnels
[
A
F,H−→ B
∣∣∣ε].
Definition 3.23. Fix a permissible pair (F,H). The covariant modular propinquity
between any two covariant modular (F,H)-systems A and B is the nonnegative
number:
Λ
∗mod,cov
F,H (A,B) = max
{√
2
2
, inf
{
ε > 0 : ∃τ ∈ Tunnels
[
A
F,H−→ B
∣∣∣ε] µm (τ |ε) 6 ε}
}
.
We record that the covariant modular propinquity is indeed a pseudo-metric:
Proposition 3.24. For any permissible pair (F,H), the covariant modular propin-
quity is a pseudo-metric on the class of covariant modular (F,H)-systems.
Proof. The proof that the covariant modular propinquity satisfies the triangle in-
equality is now identical to [21] with the use of Theorem (3.21). We also note that
if (P ,Θ, P i, ς,κ) is a ε-covariant modular tunnel, then so is (P ,Π,Θ, ς ′,κ′) where
ς ′ and κ′ are obtained by swapping the entries of ς and κ, respectively, and these
two tunnels have the same ε-magnitude — thus the covariant modular propinquity
is symmetric. 
We now check that we have indeed defined a metric up to the following notion
of equivalence.
Definition 3.25. A full equivariant modular quantum isometry (π,Π, ς,κ) is a
modular isometry (π,Π), a proper monoid isomorphism ς : GA → GB and a proper
mononoid isomorphism κ : HA → HB such that:
(1) κ ◦ qA = qB ◦ ς ,
(2) for all h ∈ HA, we have π ◦ αhA = ακ(h)B ◦ π,
(3) for all g ∈ GA, we have Π ◦ βgA = βς(g)B ◦Π.
It will prove helpful to use the following simple notation:
Notation 3.26. If τ = (P,Θ,Π, ς,κ) is a covariant modular tunnel, then the target
sets tτ (·|·) are defined to mean tτ♭ (·|·), where τ♭ = (P,Θ,Π).
The study of convergence for modules seem to benefit [22, 18] from the introduc-
tion of the following distance on modules, which is naturally related to the distance
of Notation (3.12):
Proposition 3.27 ([22]). Let (M ,D,A, L) be a metrized quantum vector bundle.
For ω, η ∈ M , we set:
kD(ω, η) = sup {〈ω − η, ζ〉M : ζ ∈ M ,D(ζ) 6 1} ,
then kD is a metric on M which, on bounded subsets of M , induces the A-weak
topology. On bounded subsets for D, the metric kD induces the norm topology.
We now have two analogues of the Monge-Kantorovich metric for metrized quan-
tum vector bundles, and we will understand their relationship during this section.
We first observe that the metric introduced in Proposition (3.27) is indeed related
to the modular state space:
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Proposition 3.28. If ω, η ∈ M then:
sup {|µ(ω − η)| : µ ∈ S (M )} 6 k(ω, η) 6
√
2 sup {|µ(ω − η)| : µ ∈ S (M )} .
Proof. First, if µ = ϕ ◦ ζ ∈ S (M ), then as ϕ ∈ S (A) and D(ζ) 6 1, we compute:
|µ(ω − η)| = |ϕ(〈ω − η, ζ〉)| 6 ‖〈ω − η, ζ〉‖
A
6 k(ω, η).
We now note that, as states are self-adjoint linear maps, i.e. intertwine the
adjoint of A and C, they also intertwine the real parts in A and C, and the imaginary
parts in A and C: for all a ∈ A and ϕ ∈ S (A):
ϕ(ℜa) = 1
2
(ϕ(a) + ϕ(a∗)) =
1
2
(
ϕ(a) + ϕ(a)
)
= ℜϕ(a)
and similarly:
ϕ(ℑa) = 1
2i
(ϕ(a) − ϕ(a∗)) = 1
2i
(
ϕ(a)− ϕ(a)
)
= ℑϕ(a).
We also observe that |ℜϕ(a)| 6 12
(
|ϕ(a)| + |ϕ(a)|
)
6 |ϕ(a)|, and similarly
|ϕ(ℑa)| 6 |varphi(a)|, for all a ∈ A.
Hence:
‖〈ω − η, ζ〉‖
A
6
√
‖ℜ〈ω − η, ζ〉‖2
A
+ ‖ℑ〈ω − η, ζ〉‖2
A
6
√
sup
ϕ∈S (A)
ϕ(ℜ〈ω − η, ζ〉)2 + sup
ϕ∈S (A)
ϕ(ℑ〈ω − η, ζ〉)2
6
√
sup
ϕ∈S (A)
(ℜϕ(〈ω − η, ζ〉))2 + sup
ϕ∈S (A)
(ℑϕ(ℑ〈ω − η, ζ〉))2
6
√
2 sup
ϕ∈S (A)
(ϕ ⊙ ζ(ω − η))2
=
√
2 sup
ϕ∈S (A)
|ϕ⊙ ζ(ω − η)| ,
and therefore:
k(ω, η) 6
√
2 sup {|µ(ω − η)| : µ ∈ S (M )} .
This concludes our proof. 
Theorem 3.29. Let (F, J) be a permissible pair and let A and B be two covari-
ant modular (F, J)-systems. Λ∗mod,cov(A,B) = 0 if and only if there exists a full
equivariant modular quantum isometry from A to B.
Proof. We need some notations. We write:
A =
(
M DA βA (GA, δA, qA)
A LA αA (H, dA)
)
and
B =
(
N DB βB (GB, δB, qB)
B LB αB (HB, dB)
)
.
Let KA : GA → [0,∞) and KB : GB → [0,∞) be locally bounded functions
such that for all g ∈ GA, we have DA ◦ βgA 6 KA(g)DA and for all h ∈ GB we have
DB ◦ βgB 6 KB(g)DB.
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By Definition (3.23), for all n ∈ N, there exists a 1
n+1 -covariant modular tunnel
(τn, ςn,κn) from A to B with µm
(
τn
∣∣∣ 1n+1) 6 1n+1 . We recall from Definition (3.16)
that τn is a modular tunnel, while:
ςn = (ς
1
n, ς
2
n) ∈ UIso 1
n+1
(GA → GB|n+ 1)
and
κn = (κ
1
n,κ
2
n) ∈ UIso 1
n+1
(HA → HB|n+ 1).
By [21], there exists a full modular quantum isometry (π,Π) from (M ,DA,A, LA)
to (N ,DB,B, LB), and a strictly increasing f : N→ N, such that:
(1) for all a ∈ dom (LA) and l > LA(a), then
(
tτf(n) (a|l)
)
n∈N converges to
{π(a)} in Haus‖·‖
B
,
(2) for all b ∈ dom (LB) and l > LB(b), then
(
tτ−1
f(n)
(b|l)
)
n∈N
converges to
{π−1(b)} in Haus‖·‖
A
,
(3) for all ω ∈ dom(DA), the sequence
(
tτf(n) (ω|l)
)
n∈N converges to {Π(ω)}
for HauskDB
(4) for all ω ∈ dom (DB), the sequence
(
tτ−1
f(n)
(ω|l)
)
n∈N
converges to {Π−1(ω)}
for HauskDA ·
Furthermore, by [21] applied to both (ςn)n∈N and (κn)n∈N (up to extracting
further subsequences), there exists a strictly increasing function f2 : N → N, a
proper monoid isomorphism ς : GA → GB and a proper monoid isomorphism
κ : HA → HB such that:
• for all g ∈ GA, we have limn→∞ ς1f(f2(n))(g) = ς(g) and for all g ∈ GB we
have limn→∞ ς2f(f2(n))(g) = ς
−1(g),
• for all g ∈ HA, we have limn→∞ κ1f(f2(n))(g) = κ(g) and for all g ∈ HB we
have limn→∞ κ2f(f2(n))(g) = κ
−1(g).
Now, the work in [21] shows that π is in fact full equivariant, in the sense that for
all g ∈ HA we have π ◦ αgA = ας(g) ◦ π. We now prove that the same method can
be used here to show that Π is indeed equivariant as well. To ease notation, we
rename f ◦ f2 simply as f .
Let ω ∈ dom (DA) and l = DA(ω). Let µ = ϕ ⊙ ξ ∈ S (N ). Let g ∈ GB and
choose N ∈ N so that g ∈ GB[N + 1]. To ease our notations, let ̟ = ς−1, so that
(ς2f(n)(g))n>N converges to ̟(g) = ς
−1(g) ∈ GA.
By Definition (3.18), for each n ∈ N, there exists νn = ψn ⊙ ρn such that
mkalt(µ, νn) 6
1
f(n+1) 6
1
n+1 .
Since (ς2f(n)(g))n∈N converges to ̟(g), and since KA is locally bounded, there
exists K > 0 such that for all n ∈ N we have DA ◦ βς
2
f(n)
A
6 KDA and DA ◦ β̟(g)A 6
KDA.
For each n ∈ N, let:
• on ∈ tτf(n) (ω|l),
• ηn ∈ tτf(n)
(
β
̟(g)
A
(ω)
∣∣∣Kl),
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• γn ∈ tτf(n)
(
β
ς2f(n)(g)
A
(ω)
∣∣∣∣Kl
)
.
Now:
|µ (ηn − βgB(on))| 6 |µ(ηn − γn)|+
∣∣∣∣µ (γn)− νn
(
β
ς2f(n)(g)
A
(ω)
)∣∣∣∣
+
∣∣∣∣νn
(
β
ς2f(n)(g)
A
(ω)
)
− µ(βg
B
(on))
∣∣∣∣
6 k(ηn, γn) +
l
n+ 1
+
Kl
n+ 1
.
Since βA is strongly continuous and (ς
2
f(n)(g))n∈N converges to ̟(g), using [18]:
lim sup
n→∞
k(ηn, γn) 6
√
2 lim sup
n→∞
(
k
(
β
ς2f(n)(g)
A
(ω), β
̟(g)
A
(ω)
)
+ 2Klχ
(
τf(n)
))
= 0.
Therefore, by continuity of µ and construction of Π:∣∣∣µ(Π(β̟(g)A (ω))− βgB ◦Π(ω))∣∣∣ = limn→∞ |µ (ηn − βgB(on))| = 0.
Hence k(Π(β
̟(g)
A
(ω)), βg
B
◦Π(ω)) = 0 by Proposition (3.28). ThereforeΠ(β̟(g)
A
(ω)) =
β
g
B
◦Π(ω), as desired.
By continuity, since dom (DA) is norm dense in M , we conclude that Π◦β̟(g)A =
β
g
B
◦ Π for all g ∈ GB, which is of course equivalent to Π ◦ βgA = βς(g)B ◦ Π for all
g ∈ GA.
Last, by Definition (3.16), we note that for all g ∈ GA, if N ∈ N is chosen so
that g, g′ ∈ GA[N−1] and if n > N then, since the map qA is continuous:
dB(qB(κ(g)), ς(qA(g))) = lim
n→∞ dB(qB(κ
1
n(g)), ς
1
n(qA(g))) = 0
so qB ◦κ = ς ◦ qA. Similarly, qA ◦κ−1 = ς−1 ◦ qB. This concludes the proof of our
theorem. 
Our object for this section is technically to define a covariant metrical propin-
quity. This however is now simple, if maybe for the notations.
Definition 3.30. Let (F, J, T ) be a permissible triple. A covariant metrical (F, J, T )-
system is given as a pair (M, (A, LA)) of a covariant modular (F, T )-system M =(
M D β (G, δG, q)
B LB α (H, δH)
)
and a quantum compact metric space (A, LA) such
that in particular, (M ,D,B, LB,A, LA) is a (F, J, T )–metrical quantum vector bun-
dle.
Note that we do not require any action on (A, LA). To avoid drowning in nota-
tions, we will not discuss the now easy construction of a metric where an indepen-
dent action on (A, LA) is accounted for: all that is needed will be to replace tunnels
by covariant tunnels in the obvious locations. We work here when no such action
is present.
Definition 3.31. Let (F, J, T ) be a permissible triple. Let (A,A, LA) and (B,B, LB)
be two covariant metrical (F, J, T )-systems. A ε-covariant metrical (F, J, T )-tunnel
(τ, τ ′), for ε > 0, is given by:
(1) τ = (P, (θA,ΘA), (θB,ΘB), ς,κ) is an ε-covariant (F, T )-modular tunnel
from A to B,
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(2) τ ′ = (D, LD, πA, πB) is a tunnel from (A, LA) to (B, LB),
(3) P is a D-left module,
(4) (πA,ΘA) and (πB,ΘB) are modules maps.
The magnitude of a metric tunnel is easily defined:
Definition 3.32. If τ = (τ1, τ2) is a ε-covariant metric tunnel, then the ε-metrical
magnitude of τ is µm (τ |ε) = max {µm (τ1|ε), χ (τ2)}.
The covariant metric propinquity is defined similarly to the other versions of the
covariant propinquity:
Notation 3.33. For any permissible triple (F,G,H), and any two covariant metrical
(F, J, T )-systems A and B, the set of all ε-covariant (F,G,H)-tunnels from A to B
is denoted by:
Tunnels
[
A
F,G,H−→ B
∣∣∣ε].
Definition 3.34. Let (F, J, T ) be a permissible triple. The covariant metric
(F, J, T )-propinquity between two covariant metrical (F, J, T )-systems A and B
is:
Λ
∗met,cov
F,H (A,B) =
max
{√
2
2
, inf
{
ε > 0 : ∃τ ∈ Tunnels
[
A
F,G,H−→ B
∣∣∣ε] µm (τ |ε) 6 ε}
}
.
Putting all our efforts together, we obtain:
Definition 3.35. Let (A, (A, LA) and (B,B, LB) be two covariant metric systems.
A full equivariant metrical quantum isometry (θ,Θ, π) is given by a full equivariant
modular quantum isometry (θ,Θ) from A to B and a full quantum isometry π :
(A, LA)→ (B, LB) such that (π,Θ) is also a module map.
Theorem 3.36. Let (F, J, T ) be a permissible triple. The covariant metrical (F, J, T )-
propinquity is a metric up to full equivariant metrical quantum isometry on the class
of all covariant metrical (F, J, T )-systems.
Proof. The proof follows from the similar proof for the covariant modular propin-
quity, with the addition of the proofs in [18] about the metrical propinquity. For
instance, given τ = (τ1, τ2) a ε1-covariant metrical (F, J, T )-tunnel from (A1,A1, L1)
to (A2,A2, L2) and γ = (γ1, γ2) a ε2-covariantmetrical (F, J, T )-tunnel from (A2,A2, L2)
to (A3,A3, L3), then as long as ε1, ε2 6
√
2
2 , Theorem (3.21) applies to τ1 and
τ2 to produce, for any ε > 0, a ε1 + ε2-covariant modular (F, T )-tunnel τ1 ◦ γ1
from A1 to A3, whose magnitude is no more than µm (τ1|ε1) + µm (τ2|ε2) + ε,
while [17] shows how to similarly construct a tunnel τ2 ◦ γ2 from (A1, L1) to
(A3, L3) with χ (τ2 ◦ γ2) 6 χ (τ2) + χ (γ2) + ε. The same argument as [18, Propo-
sition 4.4] then shows that (τ1 ◦ γ1, τ2 ◦ γ2) is a (ε1 + ε2)-covariant (F, J, T )-
metrical tunnel from (A1,A1, L1) to (A3,A3, L3), with (ε1+ ε2)-magnitude at most
µm (τ |ε1)+µm (γ|ε2)+ε. This then can be used to show that the covariant metrical
propinquity satisfies the triangle inequality as in [21].
Similarly, if Λ∗met,covF,J,T ((A,A, LA), (B,B, LB)) = 0, then in particular, Λ
∗mod,cov
F,T (A,B) =
0 and thus there exists a full equivariant modular quantum isometry (θ,Θ) : A→ B;
while Λ∗F ((A, LA), (B, LB)) = 0 and thus there exists a quantum isometry π :
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(A, LA)→ (B, LB). By the same argument as [18, Theorem 4.9], we conclude that
(π,Θ) is indeed a module morphism (note: the covariant metric propinquity dom-
inates the metrical propinquity applied to the metrical quantum bundles obtained
from forgetting the group actions, so [18] applies to give the metrical isomorphism
directly). 
4. The Gromov-Hausdorff Propinquity for Metric Spectral Triples
Let (A,H , D) be a metric spectral triple. To the canonical metrical bundle
mvb (A,H , D) = (H ,D,C, 0,A, LD), we also can associated a canonical action of
R by unitaries on H , setting U : t ∈ R 7→ exp(itD). Note that for all t ∈ R, since
U t is unitary and since it commutes with D, we have D(U tξ) = D(ξ) for all ξ ∈ H .
We thus define:
Definition 4.1. If (A,H , D) is a metric spectral triple, the associated covariant
modular system umvb (A,H , D) is defined as (D,A, LD) where:
D =
(
H D U R
C 0 id {0}
)
with:
U : t ∈ R 7→ Ut = exp(itD)
and
D : ξ ∈ H 7→ ‖ξ‖
H
+ ‖Dξ‖
H
while id is the identity map (seen here as an action of the trivial group {0}).
We thus can apply the covariant version of our metrical propinquity to metric
spectral triples.
Definition 4.2. The spectral propinquity between two metric spectral triples (A,HA, DA)
and (B,HB, DB) is:
Λspec((A,HA, DA), (B,HB,DB)) = Λ
cov(umvb (A,HA, DA), umvb (B,HB, DB)).
The main result of this work is:
Theorem 4.3. The spectral propinquity is a metric on the class of metric spectral
triples up to equivalence of spectral triples.
Proof. As the covariant metrical propinquity is indeed a pseudo-metric, so is the
spectral propinquity. It is thus enough to study the distance zero question.
Let (A,HA, DA) and (B,HB,DB) be two metric spectral triples with:
Λspec((A,HA, DA), (B,HB, DB)) = 0,
and write UA : t ∈ R 7→ exp(itDA) and UB : t ∈ R 7→ exp(itDB). We also write
DA : ξ ∈ HA 7→ ‖ξ‖HA+‖DAξ‖HA and DB : ξ ∈ HB 7→ ‖ξ‖HB+‖DBξ‖HB . Last,
we write LA : a ∈ sa (A) 7→ |||[DA, a]|||HA and LB : a ∈ sa (B) 7→ |||[DB, b]|||HB ,
allowing for ∞.
By Theorem (3.36), there exists (θ,Θ, π) such that (θ,Θ) is a full equivariant
modular quantum isometry from
(
HA DA UA R
C 0 id {0}
)
to
(
HB DB UB R
C 0 id {0}
)
,
while π : (A, LA)→ (B, LB) is a full quantum isometry, and (π,Θ) is a module mor-
phism.
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As Θ is a linear isomorphism of Hilbert spaces, it is a unitary, which we denote by
V . As in Theorem (2.8), since (π,Θ) is a module morphism, we conclude that π =
AdV and moreover, V (as it preserves the D-norms) maps dom (DA) to dom (DB).
Moreover, equivariance means that for all t ∈ R, we have V U t
A
V ∗ = U∗
B
. We then
observe that on dom (DA): note that V is continuous and moreover, it preserves
the domains of the Dirac operators. So, if ξ ∈ dom(D) then:
iDAξ = lim
t→0
U t
A
ξ − ξ
t
= lim
t→0
V ∗U t
B
V ξ − ξ
t
= V ∗ lim
t→0
U t
B
V ξ − V ξ
t
= iV ∗DBV ξ.
Therefore, as desired, (A,HA, DA) and (B,HB, DB) are equivalent.
It is immediate that equivalent metric spectral triples are at distance zero for
our spectral propinquity, concluding our proof. 
We remark that while Hille-Yoshida applies to prove the existence of the group of
unitaries generated by i times a Dirac operator in a spectral triple, the computations
above are easily done directly by noticing that there exists a basis of eigenvectors
for such an operator (as it has compact resolvent) and the computations become
explicit and straightforward.
The following example shows how perturbations of metric spectral triples by
bounded self-adjoint operators form continuous families for the spectral propinquity.
Example 4.4. Let (A,H , D) be a metric spectral triple and let T be a bounded
self-adjoint linear operator acting on H . We write:
∀a ∈ sa (A) L(a) = |||[D, a]|||
H
and ∀ξ ∈ H D(ξ) = ‖ξ‖
H
+ ‖Dξ‖
H
,
allowing for the value ∞.
We first note that D + T is indeed self-adjoint with the same domain as D.
Moreover, it has compact resolvent: since
R (D + T ; i) = R (D + T ; i)−R (D; i) +R (D; i)
= (R (D + T ; i)T + 1)R (D; i)
and since R (D; i) is compact, and since the algebra of compact operators sits as
an ideal in B(H ), we conclude that R (D + T ; i) is compact as well.
Our purpose is to study the perturbed spectral triple (A,H , D + T ). Our first
problem is to prove that this triple is indeed metric. For any a ∈ sa (A), we write
LT (a) = |||[D + T, a]|||H . By construction, LT is defined on a dense Jordan-Lie
algebra of sa (A) and satisfies the Leibniz inequality. It is also lower semicontinuous
as D + T is self-ajoint.
In general, it may not be true that LT (a) = 0 if and only if a ∈ R1A, so this is
the first question we must address.
let r = diam (A, L) be the diameter of (S (A),mkL). In the rest of this example,
we assume:
|||T |||
H
<
1
2r
.
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Let a ∈ sa (A), and choose t ∈ R such that if a′ = a− t1A then ‖a′‖A 6 r. We
then compute:
|L(a)− LT (a)| = |L(a′)− LT (a′)|
= ||||[D, a]|||
H
− |||[D + T, a]|||
H
|
6 |||[T, a]|||
H
6 2|||T |||
H
‖a′‖
A
6 2|||T |||
H
L(a)r.
(4.1)
In particular, we deduce that 11+2r|||T |||
H
LT (a) 6 L(a) 6
1
1−2r|||T |||
H
LT (a) for all
a ∈ sa (A). From [25, Lemma 1.10], we conclude that (A, LT ) is indeed a quantum
compact metric space.
Thus, if |||T |||
H
< 12r then LT is an L-seminorm on A, i.e. (A,H , D + T ) is a
metric spectral triple.
We also note that the diameter diam (A, LT ) of (S (A),mkLT ) is no more than
rT =
1
1−2r|||T |||
H
diam (A, L). We then note that for all a ∈ sa (A), following the
same method as above, we get:
|L(a)− LT (a)| 6 2rT |||T |||H .
If we now set:
∀ξ ∈ H DT (ξ) = ‖ξ‖H + ‖(D + T )ξ‖H
then (H ,D,A, LT ,C, 0) is a metrical vector bundle.
We now estimate how far (A, L) and (A, LT ) are with respect to the propinquity.
For any a, b ∈ A, we set:
S(a, b) = max
{
L(a), LT (b),
(
1− 2rT |||T |||H
2rT |||T |||H
)
‖a− b‖
A
}
which is an L-seminorm on A ⊕ A, using techniques from [17]. Moreover, if a ∈ A
with L(a) = 1 then setting b = 11+2r‖T‖
H
a, we observe, using Expression (4.1),
that:
S(a, b) = 1.
Similarly, if b ∈ A with LT (b) 6 1 then, setting a = 11−2r|||T |||
H
b, we get again
S(a, b) = 1.
In conclusion, τ spaceT = (A ⊕ A, S, π1, π2), with τj : (a1, a2) ∈ A ⊕ A 7→ aj
(j = 1, 2), is a Leibniz tunnel from (A, L) to (A, LT ). Its extent is no more than
2rT |||T |||H
1−2rT |||T |||H so we get:
Λ∗((A, L), (A, LT )) 6
2r|||T |||
H
1− 2r|||T |||
H
.
Consequently:
Λ∗-lim
T→0
T∈sa()
(A, LT ) = (A, L).
We record that our tunnel is Leibniz by setting F : x, y, lx, ly > 0 7→ xly + ylx.
Now, for all ξ, η ∈ H , we set:
D′(ξ, η) = max
{
D(ξ),DT (η),
(
1 +
1
|||T |||
H
)
‖ξ − η‖
H
}
.
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For all ξ ∈ H , we note that:
|D(ξ)− DT (ξ)| 6 ‖Tξ‖H
6 |||T |||
H
‖ξ‖
H
6 min {|||T |||
H
D(ξ), |||T |||
H
DT (ξ)}
Once more, it is easy to check that D′ is a D-norm on H ⊕H , where H ⊕H
is a module over A⊕A via the diagonal action: (a, b)(ξ, η) = (aξ, bη). Moreover, if
ξ ∈ H with D(ξ) = 1 then, setting η = 11+|||T |||
H
, we get D′(ξ, η) = 1, and similarly,
if η ∈ H with DT (η) = 1, then setting ξ = 11+|||T |||
H
η we get D′(ξ, η) = 1.
Thus, if Πj : (ξ1, ξ2) ∈ H ⊕ H 7→ ξj (j = 1, 2), then the quotient norm of D′
via Π1 (resp. Π2) is D (resp. DT ).
We now check the Leibniz identity. Let a, b ∈ A and ξ, η ∈ H . Set:
CT =
1 + |||T |||
H
|||T |||
H
2r|||T |||
H
1− 2r|||T |||
H
=
1 + |||T |||
H
1− 2r|||T |||
H
.
We estimate:
D
′(aξ, bη) = max
{
D(aξ),DT (bη),
1 + |||T |||
H
|||T |||
H
‖aξ − bη‖
H
}
6 max


(‖a‖
A
+ L(a))D(ξ)
(‖b‖
A
+ LT (b))DT (η)
1
1+|||T |||
H
(‖a‖
A
‖ξ − η‖
H
+ ‖a− b‖
A
‖η‖
H
)

 .
In particular:
1
1 + |||T |||
H
(‖a‖
A
‖ξ − η‖
H
+ ‖a− b‖
A
‖η‖
H
)
6 ‖a‖
A
1
1 + |||T |||
H
‖ξ − η‖
H
+ CT
1− 2r|||T |||
H
2r|||T |||
H
‖a− b‖
A
‖η‖
H
6 ‖(a, b)‖
A⊕A DT (ξ, η) + CTS(a, b) ‖(ξ, η)‖H ⊕H
6
(‖(a, b)‖
A⊕A + CTS(a, b)
)
D
′(ξ, η).
The function T 7→ CT is continuous on the open ball of center 0 and radius 12r ,
with value 1 at 0 and going to infinity as ‖T ‖H → 12r . For our purpose, let us
now fix:
R ∈
(
0,
1
2r
)
.
It is then easy to check that the function t 7→ 1+t1−2rt is continuous and thus bounded
on the compact [0, R]. Let K > 0 be its bound. We set G : x, y, z > 0 7→ (x+Ky)z,
so that if |||T |||
H
6 R then, for all a, b ∈ sa (A) and ξ, η ∈ H :
D′((aξ, bη)) 6 G(‖(a, b)‖
A⊕A , S(a, b),D
′(ξ, η)).
To construct our metrical tunnel, we are looking at H ⊕H as a C⊕C-Hilbert
module for the diagonal action, where set:
Q(z, w) =
1 + |||T |||
H
|||T |||
H
|z − w|.
Of course, Q is an L-seminorm on C ⊕ C. Moreover, it is immediate that (C ⊕
C,Q, j1, j2) is an obvious tunnel from C to C, with j1 : (z, w) ∈ C2 7→ z and
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j2 : (z, w) ∈ C2 7→ w. Moreover, for all ξ, ξ′, η, η′ ∈ H :
Q(〈(ξ, η), (ξ′, η′)〉
C⊕C) =
1 + |||T |||
H
|||T |||
H
|〈ξ, ξ′〉
H
− 〈η, η′〉
H
|
6
1 + |||T |||
H
|||T |||
H
(〈ξ − η, ξ′〉
H
+ 〈η, ξ′ − η′〉
H
)
6
1 + |||T |||
H
|||T |||
H
(‖ξ − η‖
H
‖ξ′‖
H
+ ‖η‖
H
‖ξ′ − η′‖
H
)
6 2D′(ξ, η)D′(ξ′, η′).
We set H : x, y > 0 7→ 2xy and:
PT = (H ⊕H ,D′,C⊕ C,Q,A⊕ A, S)
We then have checked that, for any self-adjoint operator T on H with |||T |||
H
< R,
we have constructed a metrical (F,G,H)-tunnel:
τT = ((PT , (Π1, j1), (Π2, j2)) , τ
space
T )
such that:
λ (τ) 6
2r|||T |||
H
1− 2r|||T |||
H
and thus, we conclude:
ΛmodF,G,H (PT ,P0) 6
2r|||T |||
H
1− 2r|||T |||
H
.
We now turn to estimating the covariant propinquity. Under our conditions, [8,
IX, Theorem 2.12, p. 502] applies with a = |||T |||
H
, β = 0 and M = 1 (the last two
quantities following from the fact that the spectrum of iD is purely imaginary), so
that for all t ∈ [0,∞):∣∣∣∣∣∣(exp(itD)− exp(it(D + T )))(iD + 1)−1∣∣∣∣∣∣
H
6 t|||T |||
H
.
Now, replacing D by −D, we can conclude that for all t ∈ R:∣∣∣∣∣∣(exp(itD)− exp(it(D + T )))(iD + 1)−1∣∣∣∣∣∣
H
6 |t||||T |||
H
.
Let ξ with D(ξ) 6 1, so that ‖Dξ‖ + ‖ξ‖ 6 1, which in particular implies that
‖(iD + 1)ξ‖ 6 1. Then for all t ∈ R:
‖(exp(itD)− exp(it(D + T )))ξ‖
H
=
∥∥(exp(itD)− exp(it(D + T )))(iD + 1)−1(iD + 1)ξ∥∥
H
6
∣∣∣∣∣∣(exp(itD)− exp(it(D + T )))(iD + 1)−1∣∣∣∣∣∣
H
6 |t||||T |||
H
.
The same reasoning applies to give us, for all ξ ∈ H with DT (ξ) 6 1 and t ∈ R:
‖(exp(itD)− exp(it(D + T )))ξ‖
H
=
∥∥(exp(it(D + T − T ))− exp(it(D + T )))(i(D + T ) + 1)−1(i(D + T ) + 1)ξ∥∥
H
6
∣∣∣∣∣∣(exp(itD)− exp(it(D + T )))(i(D + T ) + 1)−1∣∣∣∣∣∣
H
6 |t||||T |||
H
.
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Let ε > 0 be given. First, there exists C ∈ (0, R] such that if |||T |||
H
6 C then:
|||T |||
H
1 + |||T |||
H
<
ε
2
and
2r|||T |||
H
1− 2r|||T |||
H
<
ε
2
.
Now, let t ∈ R such that |t| < 1
ε
. Let T ∈ sa (B(H )) be chosen so that
|||T |||
H
6 δ = min
{
C, ε
2
2
}
.
If ξ ∈ H with D(ξ) 6 1, then for all (η, η′) ∈ H ⊕ H with D′(η, η′) 6 1 (so
that ‖η − η′‖
H
< ε2 ):
|〈η, exp(itD)ξ〉
H
− 〈η′, exp(it(D + T ))ξ)〉
H
|
6 ‖η − η′‖
H
+ ‖(exp(itD)− exp(it(D + T )))ξ‖
H
6
ε
2
+ |t||||T |||
H
< ε.
The same computation can be made for all ϕ ∈ S (A) and ξ ∈ H with DT (ξ) 6 1.
Consequently, we have shown that:
µ (τ |ε) 6 ε.
Therefore:
∀ε > 0 ∃δ > 0 ∀T ∈ sa (B(H ))
|||T |||
H
< δ =⇒ Λspec((A,H , D), (A,H , D + T )) < ε.
This concludes our example.
5. Application to Quantum Tori
We now wish to apply the above ideas to an important example of a noncommu-
tative manifold: the quantum torus and perturbations of its natural spectral triple.
We first describe our framework.
Fix d ∈ N \ {0, 1} in the rest of this section. Let Sd be the set of all skew-
symmetric matrices, and let ξ, η ∈ Cd 7→ ξ · η be the canonical dot product on Cd.
For any ξ, η ∈ Zd and Θ ∈ Sd, we set:
σΘ(ξ, η) = exp(2iπ(Θξ) · η).
Thus defined, σΘ is a skew bicharacter of Z
d ×Zd, and for any 2-cocycles ς of Zd,
there exists Θ ∈ Sd such that ς is cohomologous to σΘ.
Let us fix Θ ∈ Sd.
The twisted C*-algebra AΘ = C∗
(
Zd, σΘ
)
is called a quantum torus. Up to a
*-isomorphism, this C*-algebra is the norm closure, within the C*-algebra of all
bounded operators on ℓ2(Zd), of the algebra generated by the set {Wz : z ∈ Zd} of
unitary operators of ℓ2(Zd) defined for any z, w ∈ Zd and ξ ∈ ℓ2(Zd) by:
Wzξ(w) = σΘ(w, z)ξ(w − z).
In particular, we note that if f ∈ ℓ1(Zd), we define an element πΘ(f) of AΘ by
setting:
πΘ(f) =
∑
z∈Zd
f(z)Wz,
with |||πΘ(f)|||ℓ2(Zd) 6 ‖f‖ℓ1(Zd) and where the series converges in the operator
norm.
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Following Connes [3, 5], we may define natural unbounded operators on ℓ2(Zd)
as follows. Let:
S =

ξ ∈ H : ∀j ∈ {1, . . . , d}
∑
z∈Zd
z=(z1,...,zd)
|zjξ(z)|2 <∞


which is a dense subspace of ℓ2(Zd).
We then define, for all j ∈ {1, . . . , d} and ξ ∈ S:
∂jξ : z ∈ Zd 7→ zjξ(z).
A first computation shows that for all z = (z1, . . . , zs) and j ∈ {1, . . . , d}, we
have:
[∂j ,Wz ] = zjWz ∈ AΘ.
Thus, in general, if p = (az)z∈Zd ∈ ℓ1(Zd) is of finite support, and j ∈ {1, . . . , d},
then [∂j , πΘ(p)] is itself of the form πΘ((zjaz)(z1,...,zd)∈Zd):
[∂j ,
∑
z∈Zd
azWz] =
∑
z=(z1,...,zd)∈Zd
zjazWz.
We now define a first spectral triple. Let γ1, . . . , γd be d × d matrices over C
such that:
∀j, k ∈ {1, . . . , d} γjγk + γkγj =
{
2 if j = k,
0 otherwise.
In other words, γ1, . . . , γd can be used to define a representation of the Clifford al-
gebra of Cd. A particular, and common, choice of such matrices are the generalized
Dirac matrices.
We then set:
D0 =
d∑
j=1
∂j ⊗ γj
as an operator acting on ℓ2(Zd)⊗Cd. As shown in [25], the spectral triple (AΘ,H , D0)
is a metric spectral triple. Moreover, we record that the diameter of AΘ for this
metric is at least 1.
Remarkably, the “Dirac operator” D0 of the spectral triples over quantum tori
is constant in the deformation parameter. Thus, once we check below that the cor-
responding quantum metric space structure yields a continuous family of quantum
compact metric spaces, we will immediately conclude that the family of spectral
triples just defined is continuous. To make things more interesting, we also want
to add a perturbation to D0, thus making a more substantial use of our spectral
propinquity.
In order to study the continuity of the family Θ ∈ Sd 7→ (AΘ,H , D0) and its
perturbations, we will work with the continuous field of d×d matrices over quantum
tori. The easiest route to construct this continuous field, if maybe a bit artificial,
consists in working with the group Qd = Z
2
d, where Zd = Z /dZ . If q : Z ։ Zd
the canonical surjection and if ς is the map uniquely defined by setting, for any
z, w ∈ Z:
ς(q(z), q(w)) = exp
(
2iπ
d
z · w
)
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then C∗(Zd×Zd, ς) is *-isomorphic to the C*-algebraMd of d× d matrices. More-
over, by finite dimensionality, it is also clear that C∗(Qd, ς) is in fact isomorphic,
as a *-algebra, to ℓ1(Qd) (though the norms are different), and we will make this
identification henceforth.
Consequently:
C∗
(
Zd ×Qd, σΘ ⊗ ς
)
= AΘ ⊗Md.
We will be a bit more specific. Let H = ℓ2(Zd) ⊗ Cd. For any z ∈ Zd and
w = (w1, w2) ∈ Qd = Zd ×Zd, and for any ξ ∈ H , we set:
∀n ∈ Zd ∀m ∈ Zd ̟z,wξ(n,m) = σΘ(n, z)ς(w1,m)ξ(n− z,m− w2).
We then set, for all f ∈ ℓ1(Zd ×Qd) = ℓ1(Zd)⊗ C(d2):
̟fξ =
∑
n∈Zd,m∈Qd
f(n,m)̟n,m.
As before, |||̟f |||H 6 ‖f‖ℓ1(Zd×Qd) and ̟ extends to a faithful representation
of C∗(Zd ×Qd, σΘ ⊗ ς) on H .
What is important for us is that, using [24], if p1, q1, . . . , pk, qk ∈ ℓ1(Zd)⊗ℓ1(Qd)
for any k ∈ N then Θ ∈ Sd 7→
∣∣∣∣∣∣∣∣∣∑kj=1̟Θ(pj)̟Θ(qj)∣∣∣∣∣∣∣∣∣
H
is continuous.
Now, for all j ∈ {1, . . . , d}, the matrix unit γj is given by some qj ∈ ℓ1(Qd)
such that ̟Θ(1⊗ qj) = γj — where the element 1⊗ qj ∈ ℓ1(Zd)⊗ ℓ1(Qd) does not
depend on Θ. We will denote 1⊗ qj as qj for all j ∈ {1, . . . , d}. It follow from our
discussion above that if p ∈ ℓ1(Zd) then there exists pj ∈ ℓ1(Zd) such that:
[
D0, π
d
Θ(p)
]
=
d∑
j=0
̟Θ(pj)̟Θ(qj).
We also fix γ0 to be the identity of C
d.
Now, fix Θ ∈ Sd, T = (t0, t1, . . . , td) ∈ ℓ1(Zd)d and define:
DΘ,T = D +
d∑
j=0
γj̟(tj)
and LΘ,T (a) = |||[D,̟(a)]|||H for all a ∈ sa (AΘ). Since
∣∣∣∣∣∣∣∣∣∑dj=0 γj̟(tj)∣∣∣∣∣∣∣∣∣
H
6∑d
j=0 ‖tj‖ℓ1(Zd) < 14 , we conclude as in Example (4.4) that (AΘ, LΘ,T ) is a quantum
compact metric space.
We then get:
[
DΘ,T , ̟
d
Θ(p)
]
= ̟Θ(t0 ⊗ 1) +
d∑
j=1
̟Θ(pj ⊗ 1)̟Θ(qj)
+
d∑
j=1
[̟Θ(tj ⊗ 1)̟Θ(qj), ̟Θ(p⊗ 1)] .
As before, we will write tj ⊗ 1 and pj ⊗ 1 as tj and pj for j ∈ {0, . . . , d} (with
p0 = p).
We therefore conclude that for all p ∈ ℓ1(Zd):
(5.1) Θ ∈ Sd 7→ LΘ,T (π(p)) = |||[DΘ,T , ̟Θ(p)]|||H is now a continuous function.
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We now want to study the continuity of the map Ω ∈ Sd, T ∈ ℓ1(Zd)d 7→
(AΩ,H , DΩ,T ) at the point (Θ, (t0, . . . , td)) withmax{‖tj‖ℓ1(Zd) : j ∈ {0, . . . , d}} <
1
4 . The latter condition on the perturbation stems from our work in Example (4.4).
As seen in that example, under such a condition, (AΩ,H , DΩ,T ) is indeed a metric
spectral triple.
As a first step, we want to see whether the quantum compact metric spaces
induced by these spectral triples form a continuous family. We did check continuity
of the family of quantum tori for another, related family of L-seminorms in [10]. In
fact, almost all the techniques we developed in [10] apply in the current case, once
we make two observations.
First, the family of L-seminorms associated with our perturbed spectral triples
is pointwise continuous, as we saw in Expression (5.1).
Second, we need to be able to estimate the distance from a self-adjoint element a
in a quantum torus to some finite dimensional subspace in terms of the L-seminorm
of a. To this end, fix Θ ∈ Sd and T = (t0, . . . , td) ∈ ℓ1(Zd)d. We use the dual action
α of Td on the quantum torus [30]. We now compare LΘ,T to the L-seminorms we
studied in [10].
Thus, for all a ∈ AΘ, we let ℓ be the continuous length function induced by the
left invariant Riemannian metric on Td induced by endowing the Lie algebra Rd of
Td with its canonical inner product. We then set, for all a ∈ AΘ:
SΘ(a) = sup
{‖a− αg(a)‖ℓ(g)
ℓ(g)
: g ∈ Td \ {1}
}
.
By [25], there exists k > 0 such that:
(5.2) ∀a ∈ AΘ SΘ(a) 6 kL0,Θ(a).
On the other hand, since LT,Θ is an L-seminorm, the diameter r = diam (AΘ,T , LΘ,T )
is finite, and for all a ∈ sa (AΘ), there exists s ∈ R such that ‖a− s1‖AΘ 6
rLT,Θ(a). Thus, if K = r
∑d
j=0 ‖tj‖ℓ1(Zd) then:∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
d∑
j=0
[γj̟Θ(tj), ̟Θ(a)]
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
H
=
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
d∑
j=0
[γj̟Θ(tj), ̟Θ(a− s1)]
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
H
6 2
d∑
j=0
‖tj‖ℓ1(Zd) ‖a− s1‖AΘ
6 2KLT,Θ(a).
Set K ′ = k + 2K. Therefore:
SΘ(a) 6 K
′LT,Θ(a).
Consequently, for all a ∈ sa (AΘ), we note that:
‖a− αg(a)‖AΘ 6 SΘ(a) 6 K ′LT,Θ(a).
Our work in [10] applies, and we conclude: If Ω ∈ Sd 7→ (AΩ, LΩ,T ) is continuous
for the propinquity Λ∗. For the remainder of this section, we will find it helpful
to use the tunnel which arises from [10]. It is also going to be helpful to fix a few
quantities.
Let ε > 0, T = (t0, . . . , td) ∈ ℓ1(Zd)d, and Θ ∈ Sd.
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There exits an open neighborhood U of Θ in Sd such that the following holds
for any Ω ∈ U : there exists a finite-rank positive operator xa on ℓ2(Zd) such that
|||x|||ℓ2(Zd) = 1, and if we set, for all a ∈ sa (AΘ) and b ∈ sa (AΩ):
L′Ω(a, b) = max
{
LΘ,T (a), LΩ,T (b),
1
ε
|||πθ(a)x − xπΩ(b)|||H
}
then (AΘ ⊕AΩ,M, (a, b) 7→ a, (a, b) 7→ b) is a tunnel from (AΘ, LΘ,T ) to (AΩ, LΩ,T )
of extent at most ε.
We need to extract some facts about this tunnel which are found deeper in the
proof of [10, Theorem 5.2.5]: indeed, we wish to prove there that for all Ω ∈ U
and a ∈ sa (AΩ), we also have |||[x, πΩ(a)]|||ℓ2(Zd) < εLΩ,T (a) (a similar result is
established inside the proof of [10, Theorem 5.2.5] for the L-seminorms SΩ). The
argument is as follows. Fix Ω ∈ U . First, we note, using Expression (5.2) and [10,
Theorem 3.3.2], that there exists a finite set F ⊆ Zd such that for any a ∈ sa (AΩ)
there exists a′ ∈ ℓ1(Zd) such that a′(n) = 0 if n 6∈ F and ‖a− a′‖AΩ 6 ε2LΩ,T (a).
Let S0 =
{
ξ ∈ ℓ1(Zd) : ∀n 6∈ F ξ(n) = 0} and S1 = {ξ ∈ S0 : ξ(0) = 0}. Last,
let S2 =
{
ξ ∈ S1 : ‖ξ‖ℓ1(Zd) 6 1
}
. The set S2 is bounded and closed inside the
finite dimensional space S1, so it is compact. Moreover, the function (Ω, a) ∈
U × S2 7→ LΩ,T (a) is (jointly) continuous, using the same methods as in [10,
Theorem 4.2.7], thanks to the continuity established above (see Eq. (5.1)). Let
y = min {LΩ,T (a) : a ∈ S2}. Note that y > 0 since no scalar multiple of 1 resides in
S2 by construction.
Now, by [10, Theorem 5.2.5, Claim 5.2.7], the element x is chosen in such a
manner than for all a ∈ S2, we have |||[x, πΩ(a)]|||ℓ2(Zd) < yε2 . We then conclude
that |||[x, πΩ(a)]|||ℓ2(Zd) < LΩ,T (a) ε2 . By homogeneity, we then conclude that for all
a ∈ S1, we again have |||[x, πΩ(a)]|||ℓ2(Zd) < LΩ,T (a) ε2 . If a ∈ S0 then there exists
t = a(0) ∈ R and a′ = a− t1 ∈ S1 such that a = a′ + t1; we then have:
|||[x, πΩ(a)]|||ℓ2(Zd) = |||[x, πΩ(a′)]|||ℓ2(Zd) < LΩ,T (a′)
ε
2
= LΩ,T (a)
ε
2
.
We can then conclude that for all a ∈ sa (AΩ):
|||[x, πΩ(a)]|||ℓ2(Zd) 6
ε
2
LΩ,T (a) + |||[x, πΩ(a′)]|||ℓ2(Zd) < εLΩ,T (a).
This computation will help us construct our metrical tunnel.
We now turn to the question of continuity of Ω ∈ Sd 7→ (AΘ,H , DΘ,T ) at Θ.
To this end, we start with the tunnel we just described and extend it to a metrical
tunnel.
Just as with the construction of a tunnel between quantum tori, a key ingredient
to our construction of a metrical tunnel is the continuity of the D-norms induce by
spectral triples, in the spirit of Eq. (5.1). Let Ω ∈ U , and ξ ∈ H . We compute:
|DΘ,T (ξ)− DΩ,T (ξ)| 6
∥∥∥∥∥∥
d∑
j=0
γj (̟Θ(tj)−̟Ω(tj)) ξ
∥∥∥∥∥∥
H
6
d∑
j=0
‖(̟Ω(tj)−̟Θ(tj)) ξ‖H .
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A first consequence of this simple observation is that if we setM = 2
∑d
j=0 ‖tj‖ℓ1(Zd),
if Ω ∈ U , and if DΩ,T (ξ) 6 1 then DΘ,T (ξ) 6 1 +M — we recall that ‖ξ‖H 6
DΩ,T (ξ) 6 1. Let B = {ξ ∈ H : DΘ,T (ξ) 6 1 +M}, which is compact by definition
of D-norms.
It is also standard to check that Ω ∈ Sd 7→ ̟Ω(tj) is continuous in the strong
operator topology. Moreover, since for all Ω ∈ U , we have |||̟Ω(tj)|||ℓ2(Zd) 6
‖tj‖ℓ1(Zd), we conclude that:
ξ ∈ B 7→
d∑
j=0
‖(̟Ω(tj)−̟Θ(tj)) ξ‖H : Ω ∈ U


is an equicontinuous family of functions over the norm compact B. Let ε′ > 0 be
chosen so that ε
′
1+ε′ < ε. By Arzéla-Ascoli theorem, we conclude that since:
∀ξ ∈ B lim
Ω→Θ
Ω∈U
d∑
j=0
‖(πΩ(tj)− πΘ(tj)) ξ‖H = 0
there exists an open neighborhood U1 ⊆ U of Θ in Sd such that if Ω ∈ U1 then:
sup
ξ∈B
|DΘ,T (ξ) − DΩ,T (ξ)| < ε′.
Consequently, for all Ω ∈ U1, we conclude:
(5.3) sup
ξ∈H
DΩ,T (ξ)61
|DΘ,T (ξ) − DΩ,T (ξ)| < ε′.
We now fix Ω ∈ U1. For the remainder of this section, we will omit the represen-
tations ̟Θ and ̟Ω, to keep our notations lighter. We also identify x, which acts
on ℓ2(Zd), with x ⊗ 1, which acts on H = ℓ2(Zd) ⊗ Cd (i.e. we have x acting as

x
. . .
x

 on H = ℓ2(Zd)⊕ · · · ⊕ ℓ2(Zd)). We also simply write L′ for L′Ω.
We are now able to define our D-norm on the space H ⊕H by setting, for all
ξ, η ∈ H :
D′(ξ, η) = max
{
DT,Θ(ξ),DT,Ω(η),
1
2ε
‖x(ξ − η)‖
H
}
.
We begin by checking that D′ does enjoy an appropriate form of the quasi-Leibniz
inequality. Let a ∈ AΘ,b ∈ AΩ, and ξ, η ∈ H . We compute:
‖x(aξ − bη)‖
H
2ε
6
‖(xa− ax)ξ)‖
H
2ε
+
‖axξ − xbη‖
H
2ε
6
1
2
LΘ,T (a) ‖ξ‖H +
‖axξ − axη‖
H
+ ‖(ax− xb)η‖
H
2ε
6
1
2
LΘ,T (a)D
′(ξ, η) + ‖a‖AΘ
‖xξ − xη‖
H
2ε
+
‖(ax− xb)η‖
H
2ε
6
(
L′(a, b)
2
+ ‖a‖AΘ
)
D′(ξ, η) +
|||πΘ(a)x − xπΩ(b)|||ℓ2(Zd)
2ε
‖η‖ℓ2(Zd)
6
(
1
2
L′(a, b) + ‖a‖AΘ
)
D′(ξ, η) +
L′(a, b)
2
‖η‖ℓ2(Zd)
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6
(‖a, b‖AΘ⊕AΩ + L′(a, b))D′(ξ, η).
We also easily check that D′(ξ, η) > ‖ξ, η‖
H ⊕H and that {(ξ, η) ∈ H ⊕ H :
D′(ξ, η) 6 1} is compact (as a closed subset of the compact {ξ ∈ H : DΘ,T (ξ)} ×
{η ∈ H : DΩ,T (η) 6 1}). Thus D′ is a candidate for a D-norm on H ⊕H .
We will consider H ⊕H as a Hilbert module over C⊕ C by setting:
∀ξ, η ∈ H ∀z, w ∈ C (z, w) · (ξ, η) = (zη, wη).
and
∀ξ, ξ′, η, η′ 〈(ξ, η), (ξ′, η′)〉 = (〈xξ, ξ′〉, 〈xη, η′〉)
which is a C ⊕ C-valued inner product since x is positive. We endow C ⊕ C with
an appropriate quantum metric by setting:
∀z, w ∈ C Q(z, w) = 1
2ε
|z − w|.
We then note that:
Q(〈(ξ, η), (ξ′, η′)〉) = 1
2ε
|〈xξ, ξ′〉
H
− 〈xη, η′〉
H
|
=
1
2ε
(|〈x(ξ − η), ξ′〉
H
+ 〈xη, ξ′ − η′〉
H
|)
=
1
2ε
(|〈x(ξ − η), ξ′〉
H
+ 〈η, x(ξ′ − η′)〉
H
|)
6
‖x(ξ − η)‖
H
2ε
‖ξ′‖
H
+
‖x(ξ′ − η′)‖
H
2ε
‖η‖
H
6 2D′(ξ, η)D′(ξ′, η′).
In conclusion, we have now shown that:
A = (H ⊕H ,D′,C⊕ C,Q,AΘ ⊕AΩ, L′)
is a metrical bundle.
It remains to see that this metrical bundle provides a metrical tunnel. In fact,
it is sufficient to check that the surjections s1 : (ξ, η) ∈ H ⊕ H 7→ ξ ∈ H and
s2 : (ξ, η) ∈ H ⊕H 7→ η ∈ H define quantum isometries. We will check the first
one is, as the proof is the same for the other. If ξ ∈ H with DΘ,T (ξ) 6 1 then, by
Equation (5.3), we note that DΩ,T (
1
1+ε′ ξ) 6 1 and of course D
′(ξ, 11+ε′ ξ) 6 1.
In other words, if we set:
v1 =
(
(ξ, η) ∈ H ⊕H 7→ ξ, (z, w) ∈ C2 7→ z)
and similarly
v2 =
(
(ξ, η) ∈ H ⊕H 7→ η, (z, w) ∈ C2 7→ w)
then:
τ1 = ((H ⊕H ,D′,C⊕ C,Q) , v1, v2)
is a modular tunnel of extent at most 2ε > 0 — as it is easy to compute the extent
of the tunnel (C⊕ C,Q, (z, w) 7→ z, (z, w) 7→ w). It is then immediate that:
(τ1, τ2 = (AΘ ⊕AΩ, L′, (a, b) 7→ a, (a, b) 7→ b))
is a metrical tunnel of extent at most 2ε.
We thus conclude that, if v1 : (a, b) ∈ AΘ⊕AΩ 7→ a and v2 :: (a, b) ∈ AΘ⊕AΩ 7→
a then:
(A, (s1, v1), (s2, v2))
is a metrical tunnel of extent at most ε frommvb (AΘ,H , DΘ,T ) tomvb (AΩ,H , DT,Ω).
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To conclude this section, we focus on the covariant property of our metrical
tunnel.
As above, let M = max
{
1, 2
∑d
j=0 ‖tj‖ℓ1(Zd)
}
. Since:
B = {ξ ∈ H : DΘ,T (ξ) 6 1 +M}
is compact, there exists a ε3M -dense finite subset F of B.
For each ξ ∈ F , the function t ∈ R 7→ exp(itDΘ,T )ξ is continuous, in particular
on the compact
[− 12ε , 12ε ], so it is uniformly continuous. As F is finite, there exists
δ > 0 such that for all ξ ∈ F , if t, t′ ∈ [− 12ε , 12ε ] and |t− t′| < δ, then:
‖(exp(itDΘ,T )− exp(it′DΘ,T )) ξ‖H <
ε
3M
.
We fix s0 = − 12ε < s1 < . . . < sN = 12ε some subdivision of
[− 12ε , 12ε] with step
no more than δ.
We now define:
G = {exp(iskDT,Θ)ξ : ξ ∈ F, k = 0, . . . , N}
which is a finite subset of B as well (and is still ε3M -dense).
Let now ξ ∈ G and j ∈ {0, . . . , d}. Since ω ∈ Sd 7→ ̟ω(tj) is continuous for the
strong operator topology, there exists an open neighborhood Vj,ξ of Θ such that
‖(̟Θ(tj)−̟Ω(tj)) ξ‖H < ε3(d+1) . Let U2 = U1 ∩
⋂
j∈{0,...,d}
ξ∈G
Vj,ξ.
To ease notations, let TΘ =
∑d
j=0 γj̟Θ(tj) and TΩ =
∑d
j=0 γj̟Ω(tj). We thus
have that, for all Ω ∈ U2, and for all ξ ∈ G:
‖(TΘ − TΩ) ξ‖H <
ε
3
.
Fix now Ω ∈ U2.
Let now ξ ∈ H with DΘ,T (ξ) 6 1. Set η = 11+ε′ ξ so that DΩ,T (η) 6 1 — and in
particular, η ∈ B. Let ξ′ ∈ F such that ‖ξ − ξ′‖
H
6 ε3 . We then compute (noting
that exp(itA) is unitary for any t ∈ R and self-adjoint operator A), using [8, IX,
sec 2., Equation (2.2)]:
‖exp(itDΘ,T )ξ − exp(itDΩ,T )η‖H 6 ‖exp(itDΘ,T )ξ − exp(itDΩ,T )ξ‖H
+ ‖ξ − η‖
H
=
∥∥∥∥
∫ t
0
exp(i(s− t)DΩ,T )(TΩ − TΘ) exp(isDΘ,T )ξ ds
∥∥∥∥
H
+ ‖ξ − η‖
H
6
∫ 2ε
0
‖(TΩ − TΘ) exp(isDT,Θ)ξ‖H ds+ ε
= ε+
N∑
j=0
∫ sj+1
sj
‖(TΩ − TΘ) exp(isDT,Θ)ξ‖H ds
6
4ε
3
+
N∑
j=0
∫ sj+1
sj
‖(TΩ − TΘ) exp(isjDT,Θ)ξ‖H ds
6
5ε
3
+
N∑
j=0
∫ sj+1
sj
‖(TΩ − TΘ) exp(isjDT,Θ)ξ′‖H ds
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6 2ε.
The computation above is symmetric in Θ and Ω ∈ U2. We thus conclude that the
2ε > 0 magnitude of τ is no more than 2ε > 0.
Hence:
∀Ω ∈ U2 Λspec((AΘ,H , DΘ,T ), (AΩ,H , DΩ,T )) < 2ε.
We can now invoke Example (4.4) to conclude the following result (noting that
for all t ∈ ℓ1(Zd), and for all Ω ∈ Sd, we have |||̟Ω(t)|||H 6 ‖t‖ℓ1(Zd)):
Theorem 5.1. We use the notations of this section. Let:
Σ =

(t0, . . . , td) ∈ ℓ1(Zd)d,Ω ∈ Sd :
d∑
j=0
‖tj‖ℓ1(Zd) <
1
4


and define the distance on Σ between (t0, . . . , td,Ω) and (t
′
0, . . . , t
′
d,Ω
′) by:
d∑
j=0
∥∥tj − t′j∥∥ℓ1(Zd) + |||Ω− Ω′|||Cd
then for all (t0, . . . , td,Θ) ∈ Σ:
lim
(T ′,Ω)→(T,Θ)
T ′=(t′0,...,t
′
d)∈Σ
T=(t0,...,td)
(T ′,Ω)∈Σ
Λspec ((AΩ,H , DΩ,T ′) , (AΘ,H , DΘ,T )) = 0.
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